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Бүйгэжэлээ. аман 


In this unit, students will learn how to 


define quadratic equation. 

solve a quadratic equation in one variable by factorization. 

solve a quadratic equation in one variable by completing square. 
derive quadratic formula by using method of completing square. 
solve a quadratic equation by using quadratic formula. 


we w wu 


solve the equations of the type ax^ + bx? + c = 0 by reducing it to the 
quadratic form. 


Б 


b 
solve the equations of the type a p(x) +5 (ОС с. 


28, solve reciprocal equations of the type a б + 3 +b (s t 1 +с = 0. 


в 


solve exponential equations involving variables т exponents. 


2a solve equations of the type (x + a) (х + b) (x + c) (x -d) =k 
where a * b = c +d. 


?& solve radical equations of the types 
(i) Nax +b=cx +d, 
(i) \x+at\x+b=\x+e, 
(üi)Nx? + px +m +^/х2 +pxt+n=q. 


| 1.1. Quadratic Equation 
An equation, which contains the square of the unknown (variable) quantity, but no higher 
power, is called a quadratic equation or an equation of the second degree. 
A second degree equation in one variable x of the form 
ax2+bx+c=0 , wherea#0 and a, b, c are real numbers, 
is called the general or standard form of a quadratic equation. 
Here a is the co-efficient of x2, b is the co-efficient of x and constant term is c. 


| The equations x? — 7x + 6 = 0 and 3x2 + 4x = 5 | Remember that: If a = 0 in 
are the examples of quadratic equations. ax? + bx + c = 0, then it reduces to 
a linear equation bx + c = 0. 


x? — 7x + 6 = 0 is in standard form but 

| 3x? + 4x = 5 is not in standard form. 

If b = 0 in a quadratic equation ax? + bx + c = 0, 
then it is called а pure quadratic equation. For | Асбуіќу: Write two pure 

| example x? — 16 = 0 and 4x? = 7 are the pure quadratic | quadratic equations. 
equations. 


1.2 Solution of quadratic equations 


To find solution set of a quadratic equation, following methods are used: 


) factorization (ii) completing square 
1.20) Solution by factorization: 
In this method, write the quadratic equation in the standard form as 
ax? +bx+c=0 0) 
If two numbers ғ and 5 сап be found for equation (i) such that r + s = b and rs = ac, 
| then ax? + bx + c can be factorized into two linear factors. 
| The procedure is explained in the following examples. 
ФТТ Solve the quadratic equation 3x? — бх = x + 20 by factorization. 
332 — 6x =x + 20 @) 
The standard form of (i) is 3х2-7х-20-0 (и) 
Here a=3,b=-7,c=-20 and ас-3х-20--60 
As —124 5 2-7 and -12 x 5 =-60, so 


the equation (ii) can be written as 


3x? — 12x + 5x - 20 = 0 Activity: Factorize 
| or 3x (х-4)+5(х-4)=0 2-х-2-0. 
> (2-4) (3х+ 5) =0 
| Either х-4-0 Or 3x +5 = 0, that is, 


x=4 or 3х--5 — 
x= E ‚ 4 are the solutions of the given equation. 


Thus, the solution set is | 2 4 | 


3 2 
Solve 5х2 = 30x by factorization. 
5x2 = 30x Remember that: Cancelling of x on 
5x2 — 30х = 0 which is factorized as both sides of 5х? = 30x means the loss 
of one root i.e., x = 0 


5x(x — 6) =0 
Either 5x=0 or x-6=0 > x=0 or x=6 
x = 0, 6 are the roots of the given equation. 
Thus, the solution set is 10,6). 
1.2(ii) Solution by completing square: 


To solve a quadratic equation by the method of completing square is illustrated 
through the following examples. 


ТТТ BS Solve the equation x? — 3x — 4 = 0 by completing square. 


2-3х-4-0 @ 
Shifting constant term —4 to the right, we һауе 
2-3х-4 (ii) 


1 
Adding the square of 2Х coefficient of х, that is, 


зү 
(- 3 on both sides of equation (ii), we get 


( 37.22 
ОГ M73 = д 


Either х = 


4 and —1 are the roots of the given equation. 
Thus, the solution set is 4-1, 4]. 
ГУТУ Solve the equation 2x2 — 5x — 3 = 0 by completing square. 


252-5х-3-0 


Dividing each term by 2, to make coefficient of x? equal to 1. 


ue 3 ae 3 -0 Remember that: For our 


convenience, we make the 
co-efficient of x? equal to 1 in the 


3 
Shifting constant term — 20 the right : 
method of completing square. 


3. 3 : 
х2-2Х5-2 (1) 


| T 105) 8 
Multiply co-efficient of x with 25655 (- ;) --1 


2 
Now adding (- 3 on both sides of the equation (1), we have 


x- 5, + (- 3) + Ё 5 ‚ that is, 


E 

"2 
( 2i _3 25 24-25 
%-4)22716- 16 
( Ag 248 
ог х-4) =16 
Taking square root of both sides of the above equation, we һауе 


а 
> xX-47t4 
Either х-221 ог х-2--2, that is, 
7 5 __7 5 
х=4+4 or о х=-у+ 4 
7+5 12 -7+5 -2 -l 


| 
EN 
| 
гэ 
И 
w 
o 
^ 
И 
EN 
Il 
> | 
| 
e| 


х--2. 3 are the roots of the given equation. 


1 
Thus, the solution set is |- > 3. 


= EXERCISE 1.1 4 


1. Write the following quadratic equations in the standard form апа point out 
pure quadratic equations. 


(1). (х-7)(х-3)--7 (ii) 3 хоо 
E х х +1 A x+4 x-2 
(iii) eX x =б (іу) ay want +4=0 
х+3 х-5 | х+1 х+2 25 
(У) sd X 4 (0 ggl yra l 
2. Solve by factorization: 
(1) х2-х-20-0 (1) Зу? = y(y – 5) 
(i) 4-32х-17х2 (iv)  x^-11x-152 
х-1 x. 25 | 21 1- 
йн 727132170 80 2-9-х-3-х-4 
Э. Solve the following equations by completing square: 
(1) 7х2 +2х-1=0 (ii) ax? + 4х-а=0,а+0 
(iii) 11x? — 34x 4 320 (iv) lI? +mx+n=0,140 
(v) 3x2 + 7x =0 (vi) x2-2x-195=0 
(vii) | —2-4 2 = 2, (уш) х2-17х- 2 -0 
. 8 3x7 + 5 
(1х) 4- 3417 3x4] (x) T(x + 2а)? + За? = 5a (7х + 23a) 


1.3 Quadratic Formula: 
1.3. (i) Derivation of quadratic formula by using completing square method. 
The quadratic equation in standard form is 

ах? +bx+c=0 , аж0 


Dividing each term of the equation by a, we get 
х2 + 2 x+£=0 
а a 
Shifting constant term - to the right, we have 
с 


2,9 
aL xm 
а а 


b \2 
Adding (2) оп both sides, we obtain 


24 с 
ен n ЫИ РАВ 
( b` | _ 62 — Дас 
oe п 
Taking square root of both sides, we get 
( b ji xa D? — Дас 
522277 e 4a? 
b AP? — 4ас 
Or Xt43--t 
2a 2a 
-b Nb =4ac -bit*b)-4ac 
= х=; t = 
а 2а 2а 
-b + Nb? — 4а 
Thus, x = 2a - „a £0 is known as “quadratic formula". 


1.3 (ii) Use of quadratic formula: 


The quadratic formula is a useful tool for solving all those equations which can or 
can not be factorized. The method to solve the quadratic equation by using quadratic formula 
is illustrated through the following examples. 


Example 1: Solve the quadratic equation 2 + 9x = 532 by using quadratic formula. 
Solution: 2 + 9x = 5х2 


The given equation in standard form can be written as 
52-9х-2-0 
Comparing with the standard quadratic equation ах? + bx + с = О, we observe that 
a=5 ,b=-9 ,c=-2 
Putting the values of a, b and c in | Activity: Using quadratic formula, 
write the solution set of x? + x — 2 = 0. 


quadratic formula 


-b +2 — 4ac 


x= we have 
2a 1 


9) + 9)? — 4(5) (-2 


ын 2(5) 
“98481440 984121 9511 
ын к= 10 = io = 10 
11 -11 
Either х= Ц ог х=” ‚ that is, 


| 


E- 1 
*7107 5 


2x * 1 
ӨЗ 0 Using quadratic formula, solve the equation АГ 


ОГ 


Неге 


1 р : 
28025 5 are the roots of the given equation. 


Thus, the solution set is s I 2l. 


x42 


24:51 X2 — 

x-2 ха4 

Simplifying and writing in the standard form 
(2х + 1) (x-4)-(x-2) (x42) = 0 

2х2 + 8x - x c4— (2-4) 20 

2x? 49x c 4- 2+4=0 

х2-9х-8-0 

a=1,b=9,c=8 


—b+ Ap? — 4ac 


Using quadratic formula х- 2a ‚ We have 
_ 9 sd -Ax1x8 
Е 2х1 
_ 9 +81 - 32 -98449 -9+7 
Е 2 т 2 7:72 
_-9+7_-2_, 

Ию кы 
-9-7 -16 


ог х= у = =- 


—1, —8 are the roots of the given equation. Thus, the solution set is (-8, —1}. 


= EXERCISE 1.2 = 


Solve the following equations using quadratic formula: 


(i) 2-х2-7х (ii) 5х2 + 8x+1=0 
Gii) АЗх2-х-4Ф(3 (iv) 42-14-3х 
(v) 62-3-7х=0 (vi) 32+8х+2=0 
РА 3 4 ла X92 Дех „l 
(vii) scu x84 (уш) ті Эх = 25 


ах) 


(х) 


We now discuss different types of equations, which can be reduced to a quadratic 
| equation by some proper substitution. 


| Type (i) The equations of the type ax* + bx? +c = 0 
Replacing x? = y in equation ax? + bx? + c = 0, 
| we get a quadratic equation in y. 
ФТТ Solve the equation x* — 13x? + 36 = 0. 
x*—13x2 + 36 = 0 0) 
Let x2=y. Thenx*=y2 
Equation (1) becomes 
y? — 13y + 36 = 0 which can be factorized as 
y?-9y-4y + 36 = 0 
Wy — 9) -4(y – 9) = 0 


(у- 9) (у – 4) =0 
Either у-9-0 ог у-4-0, that is, 
у=9 ог у=4 
Put у=х? 
х2-9 ог х2-4 
= х=+3 ог хэс 


The solution set is (£2, +3} 


Type (ii) The equations of the type ap(x) * E =с 


190111: (94 Solve the equation 2(2х-1) + xe i= 5. 


EMP Given that 2x - 1) «5-5 (i) 
Let 2х-1=у. 
Then the equation (1) becomes 

у+у=5 or 2? + 3 = 5y 


> 2у-5у%3-0 
Using quadratic formula 


( DESNI 5 4х2х3 


у= 2х2 


Thus, фе solution set is һ А | 


Туре (iii) Кесіргоса! equations of the type: 
а (v2+)+0(x+t)+e=0 or axt + bx? + cx? + bx -az 0 


An equation is said to be a reciprocal equation, if it remains unchanged, when x is replaced | 


1 
Replacing x by . іп ax* — bx? + сх? — bx + а = 0, we have 


n* СҮГ, Ay 4 
а Ө —b Ө +с Ө -b B + а = 0 which is simplified as 
x x x x 


a — bx + cx? — bx? + ax^ = 0. We get the same equation. 
Thus ax* — bx? + cx? — bx + a = 0 is a reciprocal equation. 

The method for solving reciprocal equation is illustrated through an example. 
Solve the equation 2x* — 5x3 — 14x2 — 5x + 2 = 0. 
ЛИНИИ 2c — 53-142-5x 4220 

Dividing each term by x? 
2x4 Se pa 5x 2 
ГЭВ ЭР 


им, 
xx 


(2) se) - aco 
x x 


| 1 
Let ха шу, Then х2 +55=y?-2 


So equation (i) becomes 202-2)-5у-14-0 ог 2у2-4-5у-14-0 
2у2 – 5y— 18 = 0 

— 9у + 4у – 18 = 0 ог у(2у – 9) + 2(2у - 9) = 0 
= (у-9)(у-2)-0 


Either 2y-9=0 or y+2=0 
1 
As у= х +, 30 we have 
1 1 
2(х--|-9-0 ог x+7+2=0 
x x 
2x -9x 42-20 or xX +2x+1=0 
By quadratic formula, we get 
Dy -4ж2х2 | -2£NQY-4x1xl 
m 2x2 We AS 2x1 
_9+\у81—16 _-2+ү4-4 
= x= 4 ог х= 2 
_9++\/65 _-2+0 "TET 
=~ A or = > > x=-l,- 


65 
Thus, the solution set ь m = 


Туре (iv) Exponential equations: 
In exponential equations, variable occurs in exponent. 
The method of solving such equations is illustrated through an example. 
Solve the equation 5! *x + 51-х = 26. 


| Solution: 51+5+5!-5<26 


51.5х+51.5-х=26 ог 5.5%+ 5-26 = 0 (1) 
Let 5х = у. Then equation (i) becomes 
5 
5у+--26=0 
ул у 
5у2 +5 – 26у= 0 ог 5у2 — 26у + 5 = 0 


5у2 – 25у-у+5 = 0 

5у (у = 5) - 1(у – 5) = 0 

(у—5)(бу—1)=0 
Either у-5-0 ог 5у— 1-0, that is, 


у=5 
Рш Ves 
а= 5! “ор 5^*=5-1 > х=1 or х=-1 
The solution set is {+1}. 
Type (v) The equations of the type: 
(x+a)(x+b)(x+c)(x+dad)=k,whereat+b=c+d 
ИБ ТЫГЕ Solve the equation (x — 1) (x + 2) (x + 8) (x + 5) = 19. 
«ІПТ (x — 1) (x + 2) (х+ 8) (к + 5) = 19 


or [x — 1) (х+ S] [x + 2) (x 4 5)] 1920 (7 -1%8-2-5) 
(х2 + 7x — 8) (х2 + 7x + 10) - 1920 (i) 
Let x2+7x=y 


Then eq. (i) becomes (у – 8) (у + 10) - 19=0 
y?-2y-80-19-20 
y2 + 2y-99 =0 
у2-11у-9у-99-0 
yy + 11) -9(y + 11) 20 


(y*11)(y-9)20 
Either у- 11-0 ог у-9-0 
Put у-х2-47х,50 
х?+7х+11=0 ог х2-7х-9-0 
Solving by quadratic formula, we have -7 +4/(7)2 — 4(1) (9 
TENGO -4()(1 шан 2(1) 
t 201) T _ 7 +49 +36 _ -7+-/85 
T 2 © 2 


_-7%\]м49—44_ -7445 

а 2 жан” 

pe cm 
2 > 3 қ 


— EXERCISE 1.3 ЕШ 


Solve the following equations. 


The solution set is 


1. 2x4 – 11x2+5=0 2. 2x4 = 9х2 — 4 

3; 5х!? = 7х1 – 2 4. Х29 + 54 = 151° 
m 2 — 

5. 3х2 + 5 = 8х 6. (2х ЗАВ 22173 
х х-3 4x+1 4x-1 ,1 

й zs x Jes 8- ае age ^46 


х3-2Х3-252-2х-1-0 


11. 
| 13. 
15. 
16. 
1.5 


e.g., 


2x4 + x3 — 6x2 +х+2 = 0 12. 
3292 = 12.3: - 3 14. 
(x + 1) (x3) œ- 5) œ- 7) = 192 
(х= 1)(х — 2)(x - 8)(х + 5) + 36020 
Radical equations 


429902920 а) 
2* + 64.2* -20 =0 


An equation involving expression under the radical sign is called a radical equation. 


x+3=x41 


and 


[3x +7 22x +3 


Squaring both sides of the equation (i), we get 
(N3x + 7)? = (2х + 3)? 


or 3x + 7 = 4х? + 12х+9 
Simplifying the above equation, we һауе 
4x? + 9x £220 


Applying quadratic formula, 


_-9 +f -AxAx2 


x= 


2x4 
_-9+\81-32_-9+[49 -9+7 
E 8 = g = 8 
„94T -2.1 
цай е есть 

-9-7 —16 


ог х= $ E =-2 


Checking: 


Putting x = — 2 in the equation (1), we һауе 


1 1 —3 + 28 
3(-1)-7-2(-1) 3 > 4 =- 


1.5 (i) Equations of the type: [ах +b =cx+d 
GBT ЕИБ Solve the equation ү3х + 7 = 2x + 3. 


0) 


Note: Extraneous root 
is introduced either by 
squaring the given 
equation or clearing it 
of fractions. 


1 25 5 
2+3 ЕНГІ 


Putting x = —2 in the equation (1), we get 
3-2) +7 =2(-2)+3 => 12-1 which is not true. 
On checking, we find that x = —2 does not satisfy the equation (1), so it is an| 


В А 1 
extraneous root. Thus the solution set is " “i 


1.5 (ii) Equations of the type Ax +a +x +b = Ax +e 
CNM Seve the equation үх + 3 + [x +6 = [x + 11. 
ух +3 ++ 6 = + 11 @) 
Squaring both sides of the equation (1), we һауе 
х+3+х+6+2 (x43) (Nx 46) 2x И 
or 24|2-9х-18--х-2 (ii) 
Squaring both sides of the equation (1), we get 
4 (x? + 9x + 18) 2 x - Ax - 4 
or Зх? + 40x + 68 20 
Applying quadratic formula, we get 
—40 +^/(40)? -4ж3х68 —40 +^/1600 —816 


2х3 = 6 
_ 40+ 4784 _ —40 + 28 
~ 6 Т 6 
—40 +28 -12 40-28 -68 —34 
We have х= 6 = =—2 ог х= 6 “БЭЭ 


-34 
Checking: Putting x = 72. in the equation (1), we have 


КҮШІ А5 Ем Ё zu 
3 - 
[-34 Er + 18 _ Eum +33 
^ E HS с-1)-л Пер 


Ете з нет hich i t tru 
NER 3-3” cn 1$ ПО е. 


Ав 73 is extraneous root, so the solution set is {—2}. 


1.5(їй) Equations of the type: x? -0 


ети Solve the equation yx? – 3x + 36 – 32—- Зх+9=3. 


x2 — 3x + 36 -Ax2-3x 4923 


Let x?—-3x=y 


Then Aly + 36 = fy +9 =3 
Squaring both sides, we get 
у+36+у+9- 2 (fy + 36)(4/у + 9) 29 
2у + 45 — 2d(y + 36) (y + 9) =9 
—2\]у? + 45у + 324=-2y-36 ог  —Ny?-45y + 324 =—2(у + 18) 
= у? + 45у + 324 = у + 18 
Again squaring both sides, we get 
y? + 45у + 324 = y? + 36y + 324 
9у=0 > у-0 
А$ 2 — Зх=у, ѕо х2-3х-0 
> х(х-3)-0 
Either х-0 ог x-3=0 > х-3 
х= 0,3 are the roots of the equation. 
Thus, the solution set is {0, 3}. 


ЕЦ EXERCISE 1.4 == 


Solve the following equations. 


1. 2x + 5 =\[7х + 16 2. х+3=3х-1 
В, 4х =\[13х + 14-3 4. A3x + 100-х=4 
5. Ax + 5 [x + 21 =x + 60 6. `[х+1+\/х— 2 =+\х +6 


7. Jil —х—\[6—х=\[27—х 8. Аа +х [а х= [а 
9. 12 +х+1-\[2+х-—1=1 10. -[2+3х+8+\[2+3х+2=3 
^/х2 + 3х+9 +]? +3х+4=5 


MISCELLANEOUS EXERCISE - 1 
1. Multiple Choice Questions 
Four possible answers are given for the following questions. Tick (У) the correct 


answer. 
0) Standard form of quadratic equation 18 
(а) Ьх+с=0,Ь=0 (b ах-ӛхжс-0,ажғ0 
(с) ах-ӛх,аж0 (d ах2-0,ағ0 
(11) The number of terms in a standard quadratic equation ax? + bx + c = 0 is 
(a) 1 (b 2 (с) 3 (d 4 
(iii) The number of methods to solve a quadratic equation is 
(a) 1 (b 2 (с) 3 (d 4 


(v) The quadratic formula is 


-b +b? — 4ac b +\ b? — Дас 


(а) х-- — 54 Gr ae oa 
-b + NP? + Дас Ы? + 4ас 
Жо ше” Чу wet e 
(v) Two linear factors of x? — 15x + 56 are 
(a)  (x- 7)and (x + 8) (b) (x+7) and (x - 8) 
(c) (x-7) and (x-8) (d) (x+7) and (x + 8) 


1 
(vi) An equation, which remains unchanged when x is replaced by is called a/an 


(a) Exponential equation (b) Reciprocal equation 
(c) Radical equation (d) None of these 

(vii) Ап equation of the type 3* + 32-х + 6 = 0 is a/an 
(a) Exponential equation (b) Radical equation 
(c) Reciprocal equation (d) None of these 

(уш) Тһе solution set of equation 4x? — 16 = 0 is 
(а) {+4} (b) {4} (c) {+2} (d +2 

(ix) An equation of the form 2x^ — 3x3 + 7x? — 3x + 2 = 0 is called a/an 
(a) Reciprocal equation (b) Radical equation 
(c) Exponential equation (d) | None of these 

2. Write short answers of the following questions. 

(1) Solve х2 + 2x - 220 

(11) Solve by factorization 5x? = 15x 


1 1 
(1) Write in standard form — + 3 


x+4 x-4 
(1у) Write the names of the methods for solving a quadratic equation. 


гү . 
Solve Ё - 5) = 2 (уі) Solve Y 3х+ 18 = х 


Define quadratic equation. (viii) Define reciprocal equation. 


(ix) | Define exponential equation. (х) Define radical equation. 
3, Fill in the blanks 

0) The standard form of the quadratic equation 18. 2 

(ii) The number of methods to solve a quadratic equation are 


(iii) The name of the method to derive a quadratic formula is 

(iv) Тһе solution of the equation ax? + bx + c =0, a + 0 is 

(v) The solution set of 25x2- 1 = 0іѕ 2 

(vi) An equation of the form 2% — 3.2*+ 5 = Oiscalleda/an ^ equation. 

(vii) Тһе solution set of the equation x? — 9 = 0 is 

(viii) Ап equation of the type x^ + 32 + x? + x 1 = 0 called a/an equation. 

ах) А root of an equation, which do not satisfy the equation is called root. 

(x) An equation involving impression of the variable under is called radical 


equation. 
= SUMMARY = 
» An equation which contains the square of the unknown (variable) quantity, but no 
higher power, is called a quadratic equation or an equation of the second degree. 
» A second degree equation in one variable x, ax? + bx +c - 0 


where a # 0 and a, b, c are real numbers, is called the general or standard form of a 
quadratic equation. 


» An equation is said to be a reciprocal equation, if it remains unchanged, when x is 


1 

replaced by pe 
» In exponential equations, variables occur in exponents. 
» An equation involving expression under the radical sign is called a radical 

equation. 
» Quadratic formula for ax? + bx +c =0,a#0 is 

Bm. + \Ь? – Дас 
E 2a 

» Any quadratic equation is solved by the following three methods. 

(1) Factorization (ii) Completing square 


(11) Quadratic formula 


SEE — —— — = 


леса лав аслаи бени 
a gS 


In this unit, students will learn how to 


ж define discriminant (b? —4ac) of the quadratic expression ax? + bx + с. 
2 find discriminant of a given quadratic equation. 


22 discuss the nature of roots of а quadratic equation through 
discriminant. 


ж determine the nature of roots of a given quadratic equation and verify 
the result by solving the equation. 


?& determine the value of an unknown involved in a given quadratic 
equation when the nature of its roots is given. 


22 find cube roots of unity. 

2a recognize complex cube roots of unity as œ and о? 

23 prove the properties of cube roots of unity. 

23 use properties of cube roots of unity to solve appropriate problems. 

?a find the relation between the roots and the coefficients of a quadratic 
equation. 

ж find the sum and product of roots of a given quadratic equation without 
solving it. 

23 find the value(s) of unknown(s) involved in a given quadratic equation 
when 
e sum of roots is equal to a multiple of the product of roots, 
e sum of the squares of roots is equal to a given number, 
e roots differ by a given number, 
e roots satisfy a given relation (e.g., the relation 20 + 5 = 7 where a 

and Bare the roots of given equation), 

e both sum and product of roots are equal to a given number. 

?a define symmetric functions of roots of a quadratic equation. 

22 evaluate a symmetric function of the roots of a quadratic equation in 


terms of its coefficients. 


ж establish the formula, 
x? — (sum of roots) x + (product of roots) = 0, 
to find a quadratic equation from the given roots. 
ж form the quadratic equation whose roots, for example, are of the type: 
204 1, 28- 1, 


where o; Bare the roots of a given quadratic equation. 
ж describe the method of synthetic division. 
ж use synthetic division to 


find quotient and remainder when a given polynomial is divided by a 
linear polynomial, 


find the value(s) of unknown(s) if the zeros of a polynomial are 
given, 


find the value(s) of unknown(s) if the factors of a polynomial are 
given, 


solve a cubic equation if one root of the equation is given, 


solve a biquadratic (quartic) equation if two of the real roots of the 
equation are given. 


2a solve a system of two equations in two variables when 
e one equation is linear and the other is quadratic, 
e both the equations are quadratic. 
ж solve the real life problems leading to quadratic equations. 


2.1 Nature of the roots of a quadratic equation 
On solving quadratic equations, we get different kinds of roots. Now we will discuss 
the nature or characteristics of the roots of the quadratic equation without actually solving it. 


2.1.1 Discriminant (b? — 4ac) of the quadratic expression ax? + bx + c. 


We know that two roots of the equation ax? + bx +c 2 0,a x0 0) 
-b +^/Ь? — 4ас -b - NP? — 4ac 
are 2 and 2 : 
а а 


The nature of these roots depends on the value of the expression “b? — 4ac" which is 
called the “discriminant” of the quadratic equation (i) or the quadratic expression 
ах? + bx + c. 

2.1.2 To find the discriminant of a given quadratic equation. 

We explain the procedure to find the discriminant of a given quadratic equation 
through the following example: 

[ Example 1: Find the discriminant of the following equations. 


(a) 2х2 —7х+1=0 (0) x2-3x+3=0 
(a) 2x2 —7х+1=0 (b) х2-3х-3-0 
Неге а-2, 5--7, c=1 Неге a=1,b=-3,c=3 
Disc. = b? — 4ac Disc. = b? — 4ac 
= (-7)? -4Q) (1) = (-3)? - 4(1) (3) 
-49-8-41 -9-12--3 
2.1.3 Nature of the roots of a quadratic equation through discriminant. 
| . -b X NP? — 4ac 
The roots of the quadratic equation ax? + bx + с = 0, (a 0) are 2a and 
its discriminant is b? — 4ac. 
When a, b and c are rational numbers. 
(1) If b? — 4ac > 0 and is a perfect square, then the roots are rational (real) and unequal. 
(1) If D? — 4ac > 0 and is not a perfect square, then the roots are irrational (real) and 


unequal. 
(11) If 5? — 4ас = 0, then the roots are rational (real) and equal. 
(iv) If 5? — 4ас < 0, then the roots are imaginary (complex conjugates). 
2.1.4 Determine the nature of the roots of a given quadratic equation and 
verify the result by solving the equation. 
We illustrate the procedure through the following examples: 
Using discriminant, find the nature of the roots of the following equations and 
verify the results by solving the equations. 
(а) х2-5х45-0 (b) 2x? -x 4-120 
(c) х2 + 8х+ 16= 0 (9) 7х? + 8+1=0 


С (а) 2-5+5=0 

Compare with the standard quadratic equation 

ах? +bx+c=0 
Here a=1,b=-5and с= 5 
Disc. = b? – 4ac 
= (-5)? – 4(1) (5) = 25 – 20=5 > 0 

As the Disc. is positive and is not а perfect square. 
Therefore, the roots are irrational (real) and unequal. 


Now solving the equation x? — 5x + 5 = 0 by quadratic formula 


-b + yb? — Дас 


ME 2a 
Ns 5) £A 5)? - (1) (5) 5425-20 5+ 5 
т 2(1) E 2 ~ 2 


Evidently, the roots are irrational (real) and unequal. 
(b) 2x2-x+1=0 
Here a=2 , b=-land с=1 
Disc. = b? – 4ac 

= (-1)?- 4(2) (1) =1-8=-7<0 
As the Disc. is negative, 
therefore, the roots of the equation are imaginary and unequal. 
Verification by solving the equation. 

2x*-x+1=0 
Using quadratic formula 


В+ дас =) +1240) 0) 
ин 2а Е 20) 
-1%11-8 14-7 

= 4 = 4 


Evidently, the roots are imaginary and unequal. 


(с) х2-8х-16-0 
Неге a=1,b=8and с= 16 
Disc. = b? — дас 
= (8? — 4(1) (16) 
= 64-64 =0 


As the discriminant 18 zero, therefore 
the roots are rational (real) and equal. 


Verification by solving the equation. 
х2 + 8х+ 16=0 
(x + 4-0 
= G4 
So the roots are rational (real) and equal. 
(d) 7x2 + 8x+1=0 
Нее a=7, b=8andc=1 
Disc. = b? — 4ac 
= (8)? — 4(7) (1) 
= 64 — 28 = 36 = (6)? 
which is positive and perfect square. 
The roots are rational (real) and unequal. 
Now solving the equation by factors, we get 
7х2 +8x+1=0 
7х2 + 7х+х+1=0 
7х (х+1)+1(х+1)=0 
(x+ 1) (7х+1)=0 
Either х+1=0 ог 7x + 1 = 0, that is 


х--і ог 7х--і = x--i 


Thus, the roots are (real) rational and unequal. 
2.1.5 To determine the value of an unknown involved in a given quadratic | 
equation when nature of its roots is given. 
We illustrate the procedure through the following example: 
Find К, if the roots of the equation 
(К + 3) x - 2(k + 1) х- (k+ 1) = O are equal, if k 5—3. 
(k-3):2 -2(k + D) x -(&-1) =0 
Here a=k+3, b-—2(k* 1) andc - -(k + 1) 
As roots are equal, so Disc. = 0, that is, 
b? — 4ac = 0 
[-2(  1)P - 4(k + 3) [-(k + 1)] 20 
4[k- 1P - 4(k 3) (К+ 1) 20 or 4(k 1) (k-1-k-3)20 
= 4(k-1)Qk*-4)20 or 8(К-1)(К-2)-0 
= К+1=0 ог К+2=0 
= kz-1 Or К=—2 
Thus, roots will be equal if k = —2, -1. 


E] EXERCISE 2.1 (== 


Find the discriminant of the following given quadratic equations: 


0) 2x2 + 3x-1=0 (ii) 6x? — 8x +3 =0 
Gi) 9x? - 30x +25=0 (iv) 42-7х-2-0 
2: Find the nature of the roots of the following given quadratic equations and verify the 
result by solving the equations: 
(1) х2-23х-120-0 (ii) 2х2 + 3x £7 = 0 
(iii) 162 – 24x +9=0 (iv) 3x2 + 7x-13=0 
3. For what value of k, the expression 
К?х? + 2(k + 1) x + 4 is perfect square. 
4. Find the value of k, if the roots of the following equations are equal. 


(i) (2k — 1) x2 + 3kx 4 320 
(ii) x2 + 2(k +2) x + (3k +4) =0 
(iii) (3k + 2) x2 - S(k- 1)x+(2k+3)=0 
5. Show that the equation x? + (mx + с)? = a? has equal roots, 
if c = а2(1 + т?) 


Find the condition that the roots of the equation (mx + с)? — 4ax = О are equal. 


жо 


If the roots of the equation (c? — ab) x? — 2(а? — bc) x + (b? — ac) = 0 are equal, 
then a = 0 or à? + b? + c? = 3abc. 
8. Show that the roots of the following equations are rational. 
() a(b — c) xà + (с-а) x * c(a- b) = 0 
(ii) (a + 2b) x2 + 2(a * b c c) x c (a- 20) 20 
9. For all values of k, prove that the roots of the equation 


2-Щк+у)х+з -0, kzOare real. 
10. Show that the roots of the equation 
(b — c) xi + (с-а) x + (a - b) 20 are real. 
(2.2 Cube Roots of Unity and Their Properties. 


|2.2.1 The cube roots of unity. 
| Let a number x be the cube root of unity, 


ie., х-(1)/3 

ог х%=1 

= x3-120 
(x3) - (1)? 20 


(x—1)G2-x-1)20 [using a3 — P? = (a – b) (a? + ab + b?] 
| Either х-1-0 or x*+x+1=0 
| 


| 


2.2.2 


shall prove this statement in the next article. 


2.2.3 
(а) 


Proof: Тһе complex cube roots of unity аге 


(b) 


Proof: Three cube roots of unity are 


-1 xa» - 40) (1) 


эв! ог X= 20) 
_-l+y1 4_ 1+4 З= 1+iv3 
= 2 = 2 Е 2 


Three cube roots of unity are 


p and = , where iz-1. 


Recognise complex cube roots of unity as œ and o». 


144 3 1-N-3 
2 and 2 | 


If we name anyone of these as œ (pronounced as omega), then the other is 092. We 


The two complex cube roots of unity are 


Properties of cube roots of unity. 
Prove that each of the complex cube roots of unity is the square of the other. 


144 3 1 \ 3 
7 апа 7 | 


We prove that 


Eris 3 4 ЕЕ заав 


2 2 2 2 
=. ERE > Е ГЕ 
2 - 4 2 = 4 
2-2-3 | -2*24-3 
цаг, = Ц 
2 (-1-4-3 21-3) 
санж ато 
КЕСЕ Е 
m rug == 72 


Thus, each of the complex cube root of unity is the square of the other, that is, 
ee == = к= = 


Prove that the product of three cube roots of unity is one. 


if o , then o 


-1 +^/-3 —1 -\—3 
1, 7 апа 2 


The product of cube roots of unity = (1) шы; үн 


тэн sen, заз 58 89 


ie, (1) (0) (02) =1 ог o?-1 m that: 
ыс о о 1С о (0) 
(с) Prove that each complex cube root of unity is reciprocal of the other. 
Proof: We know that œ= 1 > ©. 02 = 1, so 
1 “ИМ! 
09-22 ог 02 =— 
Ф © 


Thus, each complex cube root of unity is reciprocal of the other. 

(d) Prove that the sum of all the cube roots of unity is zero. 
їе, 1+0+02=0 

Proof: The cube roots of unity are 


TEMERE 


ERE E МЭ 
If Q= 2 ‚ Шеп @ = 7 


? 


The sum of all the roots = 1 + o + 002 


е кые 


2 
2214321 3 0_ 0 
- 2 => = 
Thus, 1+0+@%=0 
We can easily deduce the following results, that is, 
(i) 1-02--0 (11) 1+@=-@ (1) о + 02 = –1 


2.2.4 Use of properties of cube roots of unity to solve appropriate problems. 
We can reduce the higher powers of œ into 1, œ and o». 
eg. œ = (003)2. 0 = (1)2.@= о 
0023 = (003)7 . @ = (17 . 02 = 02 
0063 = (003)21 = (1)21 = 1 
1 1_ 1 o 


05-2—- = = 
o? 035.02 1.02 o? 


=O 


ES 

Е ei е е 
=) P= 

Г Ехатре 1: Evaluate ( pesce eque 

Cmm 1453-01-45) 


EE] 


= (20) + (202)8 
= 256 (0% + 256 œ!6 
= 256 [08 + 0016] 
= 256 [(®3)2. 02 + (œ) .@] C7 = 1) 
= 256 [02 + о) (@ + 02 = -1) 
= 256 (-1) = -256 
Г Ехатре Prove that 3? — y? = (x — y) (x — оу) (х- о?у). 
x3 —y3 = (x-y) (х — фу) (х – oy) 
R.H.S -(х-у)(х- оу) (х- о2у) 
= (x — y) [х2 - @?ху — оху + өзу2 
= (x - y) [х2 – xy (e + e) + (1)у?] 
= к—у)[х®— ху C1) +y] 
=œ- у) [2 txy+y?] 


= х3 y = L.H.S 
—— EXERCISE 2.2 Е 

1. Find the cube roots of —1, 8,-27, 64. 
2. Evaluate 

(i) (1-0- 9?) (ii) (1 — Зо) – 392) 

(iii) (9 + 40 + 402)? (iv) (2 + 2m — 202) (3 – Зо + 302) 

(vii) 0374+ 938— 5 (viii) 007-13 + 00717 
3. Prove that x? + y? + 53 — 3xyz = (x + y + z) (х + Wy + oz) (x + oy + ox). 


Prove that (1 + œ) (1 + 02) (1 + 0) (1 + 08) ..... 2n factors = 1. 


2.3 Roots and co-efficients of a quadratic equation. 


= 222 22122 222 
NUUS AY b Nb 4ac " b b* — Дас 


ЯГ ап 24 are roots of the equation 
ax? + bx + c = 0 where a, b are coefficients of x? and x respectively. While c is the constant 
term. 

2.31 Relation between roots and co-efficients of a quadratic equation. 
-b + NP? — Дас -b — JP? — 4ac 
If @= 24 апа 2 , 
then we can find the sum and the product of the roots as follows. 
Sum of the roots = œ+ В 


-b +32 дас | —b - A[p2 = дас 


= 2a m 2a 
|-b*Nb?-4ac-b-Nb2-4ac -2b b 
m 2a 2a a 


Product of the roots = of 

_ Е +b? — дас | b - Б? — дас 

Е 2а 
b} - Alb? = дас)2 2 - (b? = дас) 
T 4a? ~ 4a? 
Ь?-Ь?+4ас Дас c. 

4а? ~ 4d а 
If we denote the sum of roots and product of roots by S and P respectively, then 
b Co-efficient of x 


S=- a- Co-efficient of x2 


c X Constant term 


and P= а” Co-efficient of x ` 


2.3.2 The sum and the product of the roots of a given quadratic equation 
without solving it. 
We illustrate the method through the following example. 
 Ехатрие Without solving, find Ше sum and product of the roots of the equations. 


(a) 3х2 – 5x «1 20 (b) х244х-9-0 
[ Solution: 10) Let o and J be the roots of the equation 
3x2- 5x+7=0 
b__[=)_3 
Then sum of roots = a+ g=- = ($) -3 


7 
and product of roots = of = - =з 


Let (апа fi һе the roots of the equation х?+4х-9=0 


2.3.3 То find unknown values involved іп a given quadratic equation. 
The procedure is illustrated through the following examples. 
(a) Sum of the roots is equal to a multiple of the product of the roots. 


roots of the equation 332 + (9 — бл) x + 5h = 0. 
СТ е! о, f be the roots of the equation 
3x2 + (9 – 65) x - 5 $520 


Then a+ p--3- -(B- 8) Shoe 


c 5h 
aB-- 3 
Since «+ B-3(a) 
6h — h (2h — 3) 
БЕЖЕ ЕЕ ог 3 3 3 =5h 


2һ-3-5һ > 2h-5h=3 
-3һ-3 > һ= 2-1 
(b) Sum of the squares of the roots is equal to a given number. 
Find p, if the sum of the squares of the roots of the equation 
4x? + 3px + р? = 0 is unity. 
If о, Bare the roots of 4x? + 3px + p? = 0, 
b 3p 


then а+ В=- = 1 
2 


апа = = 


Since 02+ 02-1 (Сіуеп) 
(a+ BP - 20-1 
2 2 2 2 
-3p p^ 9р? р 
ЕЗ («i ог 16-251 


9р2-8р2-16 => p*=16 => р=+4 


(с) Two roots differ by а given number. 
СОТТЫ Find A, if the roots of the equation x2 — Ax + 10=0 differ by 3. 
ФТ Let апа 0-3 be the roots of x2 — hx + 10 = 0. 


Then а+а-3=-®=-(-Ё|=һ 
а 1 
20-51% = а“ «= 0) 
с 10 ЕР 
апа ((а-3)--7 = 10 or 0-3) = 10 (1) 


Putting value of œ from equation (i) in equation (ii), we get 


h-3Y(h 3 h+3\(h+3-6 
(62) (652 жаю 2 -r 
з) ®) = — h—9- 40, that is, 


12-49 => һ=+7 
(а) Roots satisfy a given relation 
(e.g. 20+ 58-2 7, where о, Bare the roots of a given equation). 


ЕТО Find p, if the roots œ, of the equation x? — 5x + p = 0, satisfy 
the relation 2a 5f 7. 
[ Solution: 19 о, B are the roots of the equation x? — 5x + p = 0. 


Then ap» -- (8) = 

a+B=5 => Й-5-о (1) 
ай аф-<-б-р > аф-р (ii) 
Since 20+ 58=7 (Given) (iii) 


Put the value of B from equation (i) in equation (iii) 
20+ 5(5 – о) =7 
20+ 25 –- 50=7 ог -3a@=7-25, that is 
3a=-18 > «26 (iv) 
8-5-6--1 Use (1) and (iv) 
Put the values of wand Jin eq. (ii) 
6(-1)2p => р=-6 
(е) Both sum and product of the roots are equal to a given number. 
Find т, if sum and product of the roots of the equation 
5x? + (7 — 2m) x + 3 = 015 equal to a given number, say A. 


Let о, В be the roots of the equation 
5x2-(7—2m)x 4320 


Then а-рЙ---- 5 5 


апа ар-<-2 
Let а4-08-4 (i) аа aB=A (i) 
Then from (i) and (ii) œ+ B= of, that is, 

2m — 7 

m1: > 2т-7-3 > 2т=10 > т-5 


—— EXERCISE 2.3 = 


1. Without solving, find the sum and the product of the roots of the following quadratic 
equations. 
(1) x)-5x 4320 (ii) 3х2 + 7x-11=0 
(1) | px2-qx*rz0 (v) (a+b)x2-ax+b=0 
(v) (1+ m)x2+(m+n)x+n-1=0 (vi)  7x2-5mx+9n=0 
2. Find the value of k, if 
(i) sum of the roots of the equation 2х2 — Зх + 4k = 0 is twice the product of the 
roots. 


(1) sum of the roots of the equation x? + (3k — 7) x + 5k = 0 is 2 times the 


product of the roots. 


3. Find k, if 
(1) sum of the squares of the roots of the equation 
4х? + 3kx - 8 = 0 is 2. 
(i) sum of the squares of the roots of the equation 
x — 2kx + Qk + 1) = 0 is 6. 
4. Find p, if 


(i) the roots of the equation x? — x + p? = 0 differ by unity. 
(ii) the roots of the equation х2 + 3x + p — 2 = 0 differ by 2. 
5. Find m, if 
(i) the roots of the equation x? — 7x + 3m — 5 = 0 satisfy the relation 3a+ 2 — 4 
(ii) Ше roots of the equation x2 + 7x + 3m — 5 = 0 satisfy the relation 3a— 20-4 
(11) the roots of the equation 3x2 — 2x + 7m + 2 = 0 satisfy the relation 7 — 38 = 18 
6. Find m, if sum and product of the roots of the following equations is equal to a given 
number А. 
(1) (2m + 3)х2 + (7т — 5)x + (m - 10) = 0 
(11) 422 — (3 + 5т)х – (Әт – 17) = 0 


24 Symmetric functions of the roots of a quadratic equation. 
2.4.1 Define symmetric functions of the roots of a quadratic equation 
Definition: 


Symmetric functions are those functions in which the roots involved are such that 
the value of the expressions involving them remain unaltered, when roots are interchanged. 
For example, if 


| f (a, B) = @ + B?, then 
| РВ. я = += + C B+ ой = о + В?) 
-/(о, B) 
| Find the value of a? + 83+ 3o, if а= 2, В= 1. Also find the value of 
о + ВЗ+3аВ if a=1, В= 2. 
| QD When a= 2 and B= 1, 
© + В? + Зав = (2) + (1) + 3(2) (1) 
=8+1+6= 15 
When œ= 1 апа В=2, 
с + B? + ЗаЙ = (1) + (2) + 3(1) (2) 
=1+8+6= 15 
The expression o? + f? + 3o f represents a symmetric function of wand £. 


2.4.2. Evaluate a symmetric function of roots of a quadratic equation in terms 
of its co-efficients 


If а, Ваге the roots of the quadratic equation 
ax? + bx * c 20, (а +0) 0) 
Then @+ f= = (ii) 
с - 
and ap= - (iii) 
The functions given in equations (ii) and (iii) are the symmetric functions for the 
quadratic equation (i). 
Some more symmetric functions of two variables œ, 8 are given below: 
() e + p? (0) о + p? 
ын. 222 | a В 
(111) P B (iv) rus 2 
ПЕТТО If о, Dare the roots of the quadratic equation 
рх -дх-г-0 , (p#0) 
then evaluate 028 + aß? 
[ Solution: ХЭ о, В are the roots of px? + qx + r = 0, therefore, 


at B=- 


28+ of? = аВ(а+ д 


ет If о, Dare the roots of the equation 2x2 + 3x + 4 = 0, then 
1 1 
find the value of (i) æ+ В? (ii) —+- 
а p 
since а, Bare the roots of the equation 2x? + 3x + 4 = 0, therefore, 
3 4 
а-0--2 and af-5-2 


2 


(1) ёё + 8° = (а+ Р-208-(2| - 2 (2) 
(1) 


—) EXERCISE 2.4 == 


1. If о, Bare the roots of the equation x? + px + q = 0, then evaluate 
G) 2+ 8? Gi) «38+ ай? 
(iii) 8" Ё 
2, If а, Pare the roots of the equation 4x? — 5x + 6 = 0, then 
find the values of 
1 1 
nd. d - 2 
(5*5 (ii) 028 
TE M qud ы 
(iii) ҒЫ ap? (iv) B T 
3. If œ, B are the roots of the equation [52+ mx - n2 0 (130), then 
find the values of 
: » 1 
() оғ2- В? (1) p + в? 


Formation of a quadratic equation. 
If œ and В аге the roots of the required quadratic equation. 
Le E and x-f 
ie, х-а-0 ; х-р-0 
and (х-@(х-/)=0 
xi- (a B)x+ aB=0 
| which is the required quadratic equation in the standard form. 
2.51 Find a quadratic equation from given roots and establish the formula 
x? — (sum of the roots) x + product of the roots = 0. 
Let о, f be the roots of the quadratic equation 
ax? +bx+c=0 , (а + 0) (1) 


12 с 
Then @+ B=-7 and aB=7 
Rewrit i 242 5-0 
ewrite eq. (1) as x + xta 
b 
or “-(#)х+©=о 
а а 


02 - (а+ В х+ аВ= 0 
ог e (sum of roots) x + product of roots = 0, that is, 
| x? —Sx+P=0 where S= a+ Band P= of 
( Example 1:) Form a quadratic equation with roots 3 and 4. 
{ Solution: ] Since 3 and 4 are the roots of the required quadratic equation, therefore, 
S = Sum of the roots =3+4=7 
P = Product of the roots = (3) (4) = 12 
Ав x? — Sx + Р = 0, so the required quadratic equation is x? — 7x + 12 = 0 
2.52 Form quadratic equations whose roots are of the type 
(i) 20+1,28+1 (ii) а2,82 (їй 25 (iv) 5.2 


1 1 : 
(v) a+ В, m ее о, Bare the roots of a given quadratic equation. 


| 
ТТ If a, P are the roots of the equation 2x? — Зх — 5 = 0, form quadratic equations 
having roots 


(i) 24-1,28-1 (ii) 62, В? (ш) _ ; 
B 


a 


Ха 


101 
(iv) 87 0) a+ Baty 


As а, Dare the roots of the equation 
2x? -3x- 5 = 0, 


therefore, a+ =- 8 => and op=> = = 


(i) S = Sum of the roots = 2a 4 1 - 201 
=2(а+#+2=2($)+2=5 


Р = Product of the roots = (20+ 1) (28+ 1) 
=408+2(&+В)+1 


МЕРГЕН 


=-10+3+1=-6 
Using x? — Sx + P = 0, we have 
хХ2-5х-6-0 
(ii) 5 = Sum of the roots = a? + B? = (a B – 2a i 
2 

87409468 
5ү 25 
Р = Product of the roots = è. p= gy = (-5) = 


Using x? — Sx + P = 0, we have 


2 2 
2-2 ,,2 9 => 4x2—29x + 25 = 0 


1 1 
iil S = Sum of the roots = — + = =(а+ вс 
(ii) B^ op =(@+8) од 


2 
=) с ар--ф 


Р = Product of Фе roots = 


Using x? — Sx + P = 0, we have 


Zene =0 > 5^2+3х-2=0 


2 
Gv) S= Sum ofthe roots = @+= ZHE (rs ру 20p — 


Р = Product of the roots = 
Using x? — Sx + P = 0), we have 
2 
2-(- 20) ла 1-0 = 102+ 29х + 10=0 


В+а 


1 
у 5 = Sum of the roots = ~+ f 4 — a B = @+ 
(v) 8 ТЕ ЕТ 


а) 


_ 9 
710 
P = Product of the roots = (0+ 2). (2+ j-« t +2) 


2 
ы 
x 
A 
Ол 
қы 


= (а+ yx 28-0 


“9 (2) 9 
ЗАЛХ ЭГ” 10 
Using x? — Sx + P = 0, we have 


>2- uso = 0 = 10x?-9x-9=0 


Example 3: 914 P are the roots of the equation 32 — 7x + 9 = 0, then 
form an equation whose roots are 20 and 2/. 
Since о; / are the roots of the equation х2 — 7x + 9 = 0, therefore, 


and ар=—= 


The roots of the required equation are 20, 2/8 
S = Sum of roots = 2@+ 20 = 2(0+ 8) = 2(7) = 14 
P = Product of roots = (20) (28) = 408 = 4(9) = 36 
Thus the required quadratic equation will be 
— Sx + Р = 0, that is, 
х2 – 14x + 36 = 0 


ЕСІ EXERCISE 2.5 = 


1. Write the quadratic equations having following roots. 
(a) 1,5 (b) 4,9 (c) 2 
(d) 0, —3 (e) 2,-6 (f) ele 
(B l+il-i B 9423-57 

2. If а, Bare the roots of the equation x? — 3x + 6 = 0. 


Form equations whose roots are 


] 1 
2 B2 A d 
(a) 2а+1,28+1 (b) ao, В (c) af 
а В 1,1 
Ф ва () а+д, ap 
3. If а, Bare the roots of the equation х2 + px+q=0. 


Form equations whose roots are 
a 
8) f? 6 3 - 
2.6 Synthetic Division 
Synthetic division is the process of finding the quotient and remainder, when a 
polynomial is divided by a linear polynomial. In fact synthetic division is simply a shortcut 
of long division method. 
2.6.1 Describe the synthetic division method. 
The method of synthetic division is described through the following example. 
Using synthetic division, divide the polynomial Р(х) = 5x* + х3 – Зх by x-2. 
(5x4 + х3 — Зх) +(x- 2) 
From divisor, x - a, here a = 2 
Now write the co-efficients of the dividend in a row with zero as the co-efficient of the 
missing powers of x in the descending order as shown below. 
Dividend P(x) = 5x + 1 x  c0xx2-3x £0 x x9 
Now write the co-efficients of x from dividend in a row and a = 2 on the left side. 
5 1 0 -3 0 


0) Write 5 the first co-efficient as it is in the row under the horizontal line. 
(ii) Multiply 5 with 2 and write the result 10 under 1. write the sum of 1 + 10 = 11 under 
the line. 


(1) Multiply 11 with 2 and place the result 22 under 0. Add 0 and 22 and write the result 
22 under the line. 


(ivy) Multiply 22 with 2, place the result 44 under —3. Write 41 as the sum of 44 and —3 
under the line. 
(v) Multiply 41 with 2 and put the result 82 under 0. The sum of 0 and 82 is 82. 
In the resulting row 82 separated by the vertical line segment is the remainder and 
5, 11, 22, 41 are the co-efficients of the quotient. 
As the highest power of x in dividend is 4, therefore the highest power of x in 
quotient will be 4 — 1 23. 
Thus Quotient = Q(x) = 5х3 + 1132 22x + 41 and the Remainder = R = 82 
2.6.2 Use synthetic division to 
(a) find quotient and remainder, when a given polynomial is divided by a linear 
polynomial. 
Using synthetic division, divide Р(х)-х4-х2%15 by x41 


(4 —32 + 15) + (x +1) 
As x+l=x-(-l),soa=-l 
Now write the co-efficients of dividend in a row and a = —1 on the left side. 
| 1 0 -1 15 


Quotient = О(х) = х%—х?2+0.х+0=лх%—х? 
апа Remainder = 15 
(b) find the value (s) of unknown (s), if the zeros of a polynomial are given. 
Using synthetic division, find the value of Л. If the zero of polynomial 
Р(х) = 3х2 + Ax — Th is 1. 
Р(х) = 332 + 4х — Th and its zero is 1. 
Then by synthetic division. 


| 3 7 7-78 


Remainder = 7 — 7h 
Since 1 is the zero of the polynomial, therefore, 
Remainder = 0, that is, 


7-7һ-0 
7-7һ => hzl 
с) find the value (s) of unknown (s), if the factors of a polynomial аге given. 


Jo cU Using synthetic division, find the values of / and т, if x — 1 and x + 1 are the 
factors of the polynomial P(x) = x3 + 31х2 + mx – 1 


ЛІ ТІ Since x — 1 and x + 1 are the factors of P(x) = х3 + 31x? + mx - 1. 


therefore, 1 and —1 are zeros of polynomial P(x). 


-31-1 3l-m-1 


3rd -31-т-1131-т-2 
Since —1 is the zero of polynomial, therefore, remainder is zero, that is, 
31-т-2-0 (ii) 
Adding eqs. (i) and (ii), we get 
61-220 


Put the value of / in eq. (4) 32) +т=0 or 1+m=0 > т=-1 


Thus i-i and т--і 


(d) solve a cubic equation, if one root of the equation is given. 

«УС Using synthetic division, solve the equation 33x? – 113? + 5х+3=0 
when 3 is the root of the equation. 

CUT Since 3 is the root of the equation 3x3 – 11x2 + 5x 3 = 0. 
Then by synthetic division, we get 


The depressed equation is 332—2x — 1 = 0 
32-3х%х-1-0 
3x(x-1)+1@-1)=0 
(x- 1) Gx+1)=0 

Either х-1=0 or 3x+1=0, that is, 


1 
Непсе 3, 1 апа — з аге the roots of the given equation. 


(e) solve a biquadratic (quartic) equation, if two of the real roots of the equation 
are given. 


[ Example ӘВУ synthetic division, solve the equation 
x^ — 49x? + 36x + 252 = 0 having roots —2 and 6. 
ІП Since — and 6 are the roots of the given equation x* — 49x? + 36x + 252 = 0. 
Then by synthetic division, we get 


-2 
6 
The depressed equation is х244х-21-0 
х2 +7х- Зх-21=0 
x(x + 7)—3(х+7)=0 
(x + 7) (x-3)=0 
Either x+7=0 or х-3-0 
х=-7 ог х-3 


Thus -2,6,-7 and 3 are the roots of the given equation. 


— EXERCISE 2.6 -5 


1. Use synthetic division to find the quotient and the remainder, when 
() (x2 + 7x- 1) + (x1) (ii) (4x3 — 5x + 15) + (x + 3) 
(1) (х3-%х2-3х-2)--(х-2) 

2. Find the value of h using synthetic division, if 
(i) 3 is the zero of the polynomial 2х3 — 3hx2 + 9 


(ii) 1 is the zero of the polynomial x? — 2hx? + 11 
(iii) | —I1 is the zero of the polynomial 2х3 + 5йх — 23 
3. Use synthetic division to find the values of / and m, if 
0) (x + 3) and (x — 2) are the factors of the polynomial 
x + 4x2 + 21х +m 
(ii) (x — 1) and (x 4 1) are the factors of the polynomial 
x3 – 3152 + 2mx + 6 


Solve by using synthetic division, if 
(1) 2 is the root of the equation x? — 28x + 48 = 0 
(ii) 3 is the root of the equation 2x3 — 3х2 - 11x £620 
(ii) ^ —listhe root of the equation 4? — x? - 11x - 620 
5? Solve by using synthetic division, if 

(1) 1 and 3 are the roots of the equation. x^ — 10х2+9 = 0 

(ii) З and —4 are the roots of the equation x* + 222 — 13x? - 14x + 24 = 0 
2.7 Simultaneous equations 

A system of equations having a common solution is called a system of simultaneous 
equations. 

The set of all the ordered pairs (x, y), which satisfies the system of equations 18 
called the solution set of the system. 
2.7) Solve a system of two equations in two variables, 
(a) when one equation is linear and the other is quadratic. 

To solve a system of equations in two variables x and y. Find *y' in terms of x from 
the given linear equation. Substitute the value of y in the quadratic equation, we get an other 
quadratic equation in one variable x. Solve this equation for x and then find the values of y. 


The values of x and y provide the solution set of the system of equations. 
е ЫП) Solve the system of equations 
Зх+у=4 and 3х2-у2-52. 


[ Solution: 245 given equations are 


3x+y=4 (i) 
and 3х2-у7-52 (ii) 
From eq. (i) у-4-3х (iii) 


Put value of y in eq. (ii) 
3x? + (4 – 3x)? = 52 
3x2 + 16 – 24x + 9х2 – 52 =0 
1252-24х-36-0 or х2-2х-3-0 
By factorization 
x-3x 4x -320 
х(х-3)41(х-3)-0 
= (х—3)(х+1)=0 
Either х-3-0 ог x+1=0, that is, 


x=3 or х=-1 


Put the values of x in eq. (iii) 


When x = 3 When x = –1 


у=4—3х 
у-4-3(3)-4-9 у=4- 3(-1) =4+3 
= уе? 
г. The ordered pairs аге (3, —5) and (—1,7) 
Thus, the solution set is ( (3, —5), 1, 7) } 
(b) when both the equations are quadratic. 
The method to solve the equations is illustrated through the following examples. 


@ deri) Solve the equations 
х2 +у2+2х=8 and (х- 1)2 + (у + 02-8 
61011:0:09 The given equations are 
х? +у2 + 2х= 8 (1) 
(х- 1)2 + (у + 1)2= 8 (1) 
From equation (ii), we get 
x2-2x+1+y2+2y+1=8 
or x2 + y)-2x42y26 (iii) 
Subtracting eq. (iii) from eq. (1), we have 
4Ах-2у-2 or 2x-y=1 
> y=2x-1 (iv) 
Put the value of y in eq. (ii) 
(x—1)2+(2x-14+1)2=8 
х2-25Х41445-8-0 
552-2Х-7-0 
5х2 — 7х+5х-7=0 ог х(5х-7)-1(5х-7)-0 
= (5х—7)(х+1)=0 
Either 5x-720 ог х+1=0, that is, 


7 
5х=7 > х-% or х=—1 
Now putting the values of x in eq. (iv), we һауе 
When х=-1 


у-22)-1 у= 20-1) -1 


yes 


"Ехатрїе 3: Solve the equations 


Х2-у2-7 and 2х2 + 3у2 = 18. 


Given equations аге 


х2%у2-7 (1) 

222 + Зу? = 18 (11) 
Multiply equation (1) with 3 

3x? + Зу? = 21 (ii) 


Subtracting equations (11) from (iii) 
2-3 > x=4t73 
When x= A3 , then from equation (1) 
Х+у?=7 ог 3+у2=7 ->у2-4 > у=+2 
When х= – 43, Шеп у= +2 
Thus, the required solution set is | (+ МЕЙ ,t2)). 
Solve the equations 
х2 + у? = 20 and 6x7 + xy- y? = 0 
Given equations аге 
x+y? = 20 0) 
6х? +ху- у? =0 (ii) 
The equation (ii) can be written as 


y — xy — 6x7 20 

Na DESNI x? 4 х 1x (C62) 
маг 2х1 

ху 24x34 _х+\[25° 

т 2 т 2 

ЖЕЗХ 

~ 2 

x+5x бх х—5х dx 


We have у= = =3x ог у= у = --2Х 


Substituting у = 3x in the equation (i), we get 
xX + (3х)? =20 or x74+9x7=20 
> 102-20 ->х2-2 > х-Ж3 
When x242,y23 (A2) = 34/2 and when x = [2 , y = 3(- 2) = -3 2 
Substituting у= —2x in the equation (1), we have 
2-(-292-20 or х2-4х2-20 
> 5?=20 cad >x=2 
When x = 2, y = —2 (2) =—4 and мһепх--2,у--2(-2)-4 


Thus, the solution is { (5/2, 3/2), (V2 , -3/2), (2, —4), 72, 4) }. 


| Solve the equations 
2+у2=40 and  3x?-2xy - y? = 80. 
iven equations аге 


x? + у2 =40 (1) 
— 2ху – у? = 80 (1) 
Multiplying equation (i) by 2, we һауе 
2х2 + 2y? = 80 (ii) 
Subtracting the equation (11) from equation (11), we get 
0 – 2ху – Зу? = 0 (іу) 


The equation (iv) can be written as 
х2 — Зху + ху – 3у2 = 0 
ог х(х-3у)ғу(х-3у)-0 
-> (х – Зу) x * y) 20 
Either x —3yz0 ог х+у=0 


х = Зу ог х--у 
Put in eq. (1), 
(Зуд + y? = 40 (yy + у? = 40 
10у2 = 40 2y? = 40 
у2-4 у? = 20 
y=t2 y-t24s5 
у=2 у=—2 у= 2\5 y=-275 
x= Зу x = Зу х=-—у х=-у 
х=3(2) х-3(-2) х--(24/5) х--(-245) 
x=6 x=-6 х--24/5 =2 45 


The solution set is { (6, 2), (-6, —2), (25, -2 45), (- 24/5, 245)] 


E EXERCISE 2.7 Б 


Solve the following simultaneous equations. 


Îl; х+у=5 : x2—2y- 1420 
2 3х-2у-1 Ў х2+ху- у2= 1 
3. = ЎЫ : Z Ša 
4 x+y=a-b : 22050 

х у 
5. х? + (у- 1)? = 10 : х + у? +4х= 1 
6. (х+1)?+(у+1)?=5_; (х + 2)? + у? =5 
7 x? + 2y? = 22 ; 5х? + у? = 29 
8 4х? — 5у2 = 6 : 3x2 + y? = 14 
9. 7х? – 3y2=4 қ 2x2 + 5у2 =7 
10. х2 + 2у2 = 3 : x? + 4xy – 5у2 = 0 
11. 3x2 — y2 = 26 ; 3x2 – 5xy — 12у2 = 0 
12. х2+ху=5 : у2+ху= 3 
13, х – 2ху= 7 : ху + 3y2=2 


2.7(ii) Solving Real Life Problems with Quadratic Equations 


There are many problems which lead to quadratic equations. To form an equation, 
we use symbols for unknown quantities in the problems. Then roots of the equation may 
provide the answer to these problems. 


The procedure to solve these problems is explained in the following examples. 


ети ЕЮ Three less than a certain number multiplied by 9 less than twice the number is 
104. Find the number. 


Let the required number be x. Then 
three less than the number = x – 3 
and 9 less than twice the number = 2x – 9 
According to the given condition, we have 


(x — 3) 2x-9) = 104 
2х2 — 15x + 27 = 104 
2х2 – 15x - 77 = 0 


Factorizing, we get 


7 
Qx*7)G-1)20 = х=-5, х= 


7 
1.е., хэ-2 and 11 are the required numbers. 


ЕТО The length of a rectangle is 4cm more than its breadth. If the area of the | 
rectangle is 45cm?. Find its sides. 


Ð Let the breadth in cm be x. 
Then the length in cm will be x + 4. 


Ву the given condition rectangular area = 45cm”, that is, 


х(х+4) = 45 
x? +4x-45=0 
(х+ 9) (х—5)=0 
x+9=0 or x-5=0 
х=-9 ог х=5 
Ifx=5, фепх+4=5+4=9 (neglecting —уе value) 


Thus the breadth is 5cm and length is 9cm. 


15:617910) 9 The sum of the co-ordinates of a point is 6 and the sum of their squares is 20. 
Find the co-ordinates of the point. 


Let (x, y) be the co-ordinates of the point. Then by the given conditions, we have 


х+у=6 (i) 
x? + y*=20 i) 
From ед. (i)  y26-x (11) 


Putting y = 6 — x in eq. (ii), we get 
х? + (6-х)? = 20 
х2 + 36 + х2 – 12х- 20= 0 
2х2 — 12х+16=0 ог x2-6x+8=0 
Factorizing, we get 
(x-4)(x-2)20 => х-4 or х=2 
using eq. (aui, у-6-4-2 ог y=6-2=4 
the co-ordinates of the point аге (4, 2) or (2, 4) 


=—— EXERCISE 2.8 == 


1. The product of two positive consecutive numbers is 182. Find the numbers. 
The sum of the squares of three positive consecutive numbers is 77. Find them. 
3. The sum of five times a number and the square of the number is 204. 
Find the number. 


4. The product of five less than three times a certain number and one less than four 
times the number is 7. Find the number. 


1 
5. The difference of a number and its reciprocal 1s n Find the number. 


6. The sum of the squares of two digits of a positive integral number is 65 and the 
number is 9 times the sum of its digits. Find the number. 


The sum of the co-ordinates of a point is 9 and sum of their squares is 45. Find the 
co-ordinates of the point. 


Find two integers whose sum is 9 and the difference of their squares 18 also 9. 
Find two integers whose difference is 4 and whose squares differ by 72. 
Find the dimensions of a rectangle, whose perimeter is 80cm and its area is 375ст2. 


MISCELLANEOUS EXERCISE - 2 
Multiple Choice Questions 


Four possible answers are given for the following questions. Tick (У) the correct 
answer. 


If а, Bare the roots of 332 + 5x — 2 = 0, then œ+ fis 


5 3 —5 -2 
(а) 3 (b 5 © 3 (d > 
If а, Pare the roots of 7x? — x + 4 = 0, then 0315 

-1 4 7 -4 
а) 7 (b 7 © 2 (4) 5 


Roots of the equation 4x? — 5x + 2 = 0 are 

(a) irrational (b) imaginary (c) rational (d) попе of these 
Cube roots of —1 are 

(a —l,-@,-w? (b) -1,0,-02 (с) —-l,-@,@ (d Го 
Sum of the cube roots of unity is 


(а) 0 (D 1 (с) -1 (d 3 
Product of cube roots of unity is 
(a) 0 (b 1 (с) -1 (d 3 


If 5? — 4ас « 0, then the roots of ax? bx + c 2 О are 

(a) irrational (b) rational (c) imaginary (d) none of these 
If b? — 4ас > 0, but not a perfect square then roots of ax? + bx + c = 0 are 

(a) imaginary (b) rational (c) irrational (d) none of these 


ee lt 
at pis equal to 


(a) 


oœ + ff? is equal to 


| Миний! 
(227 @-8? Шар 
(с) (a+ 2-20 (d а+р 
(х1) Two square roots of unity are 
(a) L- (b 1,0 (с) 1,-о (d о, @2 


(xii) Roots of the equation 4x? — 4x + 1 = 0 are 
(a) real, equal (b) real, unequal (c) imaginary (d) irrational 
(xii) If œ, B are the roots of px? + qx + r = 0, then sum of the roots 20 and 2018 


-4 r -24 4. 
а) 5 ® 5 ө > (iy = 
(xiv) Ша, Bare the roots of x? — x — 1-0, then product of the roots 20 and 2815 
(a) -2 (0) 2 (c) 4 (d  -4 
(xv) Тһе nature of the roots of equation ax? + bx + c = 0 is determined Бу 
(a) sum of the roots (b) product of the roots 
(c) synthetic division (d)  discriminant 


(xvi) The discriminant of ax? + bx +c = 0 is 

(a) Ь?—4ас (b) 22+ 4ас (c) 2+ 4ас (d) -Р-4ас 
2, Write short answers of the following questions. 
0) Discuss the nature of the roots of the following equations. 


(4) 243x45=0 (B. 22—7х+3=0 
i). ЕТО (d  162—-8x41-0 
к ТЕ 
(i) Fude? сс = 


Gii) Prove that the sum of the all cube roots of unity is zero. 

(iv) Find the product of complex cube roots of unity. 

(v) Show that x? + y? = (x + у) (x + оу) (x + о?у) 

(vi) | Evaluate 0937 + 0038 + 1 

(vii) Evaluate (1 — œ + 002)6 

(viii) If œ is cube root of unity, form an equation whose roots аге 300 and 3002. 

(ix) Using synthetic division, find the remainder and quotient when (х3 + 332 + 2) + (x — 2) 
(x) Using synthetic division, show that x — 2 is the factor of x? + х2 — 7x + 2. 

(xi) Find the sum and product of the roots of the equation 2px? + Зах — 4r = 0. 


1 1 
Find P 8? of the roots of the equation x? - 4x + 3 = 0 


VV у У 


ІҒо, Bare the roots of 4х? — 3x + 6 = 0, find 


(а) 0+8? (Ы) 4.2 © a-p 


If а, Pare the roots of x? — 5x + 7 = 0, find an equation whose roots are 
(а) --8 (b 2а, 24. 

Fill in the blanks 

The discriminant of ах? + bx + c = 0 is 

If b2 – Дас = 0, then roots of ax?+bx+c=Oare 00 
If b2 — 4ac > 0, then the roots of ax? + bx +c = 0 are 

If b? — 4ac < 0, then the root of ах? + рх+с= О ме 2 
If b? — 4ас > 0 and perfect square, then the roots of ax2+bx+c=Oare_ 0 


If b? — 4ac > 0 and not a perfect square, then roots of ax? + bx + c = 0 are 
If œ, Bare the roots of ax? + bx + с = 0, then sum of the roots is 

If œ, B are the roots of ах? + bx + с = 0, then product of the roots is 
If œ, Bare the roots of 7x2 — 5x + 3 = 0, then the sum of the roots is 
If œ, B are the roots of 5x2 + 3x — 9 = 0, then product of the roots is 


| | | 
For a quadratic equation ax? + bx + с = 0, Po equal to 


Cube roots of unity are. : 
Under usual notation sum of the cube roots ofunityis— — 

If 1, œ, 092 are the cube roots of unity, then а) 7 is equal to . 

If о, Bare the roots of the quadratic equation, then the quadratic equation is written 
as 


If 2 and 2002 are the roots of an equation, then equation is 


А SUMMARY = 


Discriminant of the quadratic expression ax? + bx + c is “b? — 4ас”. 
1+^/-3 1-^/-3 
5 апа 3 `- 


Complex cube roots of unity are œ and 092, 

Properties of cube roots of unity. 

(a) The product of three cube roots of unity is one. i.e., (1) (69) (02) = 03 = 1 
(b) Each of the complex cube roots of unity is reciprocal of the other. 

(c) Each of the complex cube roots of unity is the square of the other. 


The cube roots of unity are 1, 


(d) The sum of all the cube roots of unity is zero, i.e., 1 + © + 02 = 0 


-b +^/Ь2 — 4ас 
2а an 
> The sum and the product of the roots of ах? +bx+c=0,a+0are 


at p= -2 and 08 = - respectively. 


> Symmetric functions of the roots of a quadratic equation are those functions in 
which the roots involved are such that the values of the expressions remain unaltered, 
when roots are interchanged. 


> . Formation of a quadratic equation if its roots are given; 
x? — (sum of the roots) x + product of the roots = 0 
= x? - (a B) x + ofi 0. 


> . Synthetic division is the process of finding the quotient and remainder, when а 
polynomial is divided by a linear polynomial. 


> А system of equations having a common solution is called a system of simultaneous 
equations. 


инь... шини — y 1 


ee нен 
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In this unit, students will learn how to 


ж define ratio, proportions and variations (direct and inverse). 
а find 37, 4", mean and continued proportion. 


ж apply theorems of invertendo, alternendo, componendo, dividendo and 
componendo & dividendo to find proportions. 


2a define joint variation. 

ж solve problems related to joint variation. 

?& use k-method to prove conditional equalities involving proportions. 
ж solve real life problems based on variations. 


5) 


3.1 Ratio, Proportions and Variations 
3.10) Define (a) ratio, (Р) proportion and (c) variations (direct and inverse). 
(a) Ratio 

A relation between two quantities of the same kind (measured in same unit) is called 
ratio. If a and b are two quantities of the same kind and b 18 not zero, then the ratio of a and 


: : ? . a 
b is written as a: b or in fraction b 
e.g., if a hockey team wins 4 games and loses 5, then the ratio of the games won to games 


4 
lost is 4 : 5 or in fraction 5 


Remember that: 
(i) The order of the elements in a ratio is important. 

(її) In ratio a : Б, the first term а is called antecedent and the second term Р is 
called consequent. 
A ratio has no units. 


(iii) 


ес Find the ratio of 


(i) 200gm to 700 gm (ii) 1km to 600m 
ИО Ratio of 200gm to 700 gm 
200 2 
200/9008 5-755259 


Where 2 : 7 is the simplest (lowest) form of the ratio 200 : 700. 
(ii) Ratio of 1km to 600m 
Since 1km = 1000m 


1000 10 5 
then 1000 : 600 = 600 = 6 =д=5:3 
ог Ikm : 600m = 1000:600 
1000 600 
-7100:100: 10:6 = 5:3 


| Find a, if the ratios а +3 : 7 + a and 4: 5 are equal. 
ЄТ Since the ratios a + 3 : 7 + a and 4 : 5 are equal. 
in fraction form 
a+3 4 
7+а 5 
5(a+3)=4(7 +a) 
5а + 15 = 28 + 4a 
5a — 4a = 28 - 15 
а= 13 
Thus the given ratios will be equal if a = 13. 


‘Example EY If 2 is added in each number of the ratio 3 : 4, we get a new ratio 5 : 6. Find the | 
шшш 


Because the ratio of two pu is 37-4 


becomes 3x:4x. Now according to the given conia 
3х+2 5 


4х+2 6 
6(3х + 2) = 5(4х+2) = 18х + 12 = 20х + 10 
18х -— 20х= 10-12 => -2x=-2 > х=] 
Thus the required numbers аге 
3x = 3(1) 23 
and 4х=4(1)=4. 
ЕТО оа the ratio За + 4р : 5a + 7b if a: b = 5 : 8. 


ПОТ Given thata:b=5:8 or 2.2 


3 
Now За + 4b : 5а + Tb = с Tb 


За +4Ь а b 
ь 3) b 
= age = ео (Dividing numerator and denominator by b) 
кк e 


БСШ) Ё 2.5) 


58) +70) 
15, 15 + 32 
287 8 _ 47 
25 . = 25456 7 81 
qw Wa 
Hence, 3a + 4b : 5a + 7b = 47 : 81. 


(b) Proportion 
A proportion is a statement, which is expressed as an equivalence of two ratios. 


If two ratios a : b and с : d are equal, then we can write a: b = с: d 
Фар 


Where quantities a, d are called extremes, while Р, c are called means. 
Symbolically the proportion of a, b, c and d is written as 

a:b::c:d 
a:b=c:d 


а с 
s | 
i.e., ad = bc 

This shows that, Product of extremes = Product of means. 

DEMOS Find x, if 60m : 90m :: 20kg : x kg 

ДІ ІЛДІ? Given that 60m : 90m :: 20kg : x kg 


60:90220:x 
Product of extremes = Product of means 
60x 2 90 x 20 
2 
x= ax О 30 ie, xis 30 kg 


[ Example 6: Find the cost of 15kg of sugar, if 7 kg of sugar costs 560 rupees. 
Let the cost of 15kg of sugar be x-rupees. 

Then in proportion form 

15kg : 7kg :: Rs. x : Rs. 560 


15:72x:560 
Product of extremes = Product of means 
15 x 560 = 7x 
7х = 15 x 560 
1 
x = 1560 _ 15:80) = 1200 


7 
Thus, x = Rs. 1200. 


— EXERCISE 3.145 


1. Express the following as a ratio а : b and as a fraction in its simplest (lowest) form. 
(i) Rs. 750, Rs. 1250 (ii) 450cm, 3m 
(йі) 4kg, 2kg 750gm (iv) 27min. 30 sec, 1 hour 
(у) 75°, 225° 

2. Іп a class of 60 students, 25 students are girls and remaining students are boys. 


Compute the ratio of 

(i) boys to total students (ii) boys to girls 
3. If 3(4x — Sy) = 2x — 7y, find the ratio х: у. 

Find the value of p, if the ratios 2p + 5 : 3p + 4 and 3 : 4 are equal. 
If the ratios 3x + 1: 6 + 4x and 2: 5 are equal. Find the value of x. 


Two numbers аге in the ratio 5 : 8. If 9 is added to each number, we get a new ratio 
8: 11. Find the numbers. 


7. If 10 is added іп each number of the ratio 4 :13, we get a new ratio 1: 2. 
What are the numbers? 
8. Find the cost of 8kg of mangoes, if 5kg of mangoes cost Rs. 250. 
| На:Р=Т: 6, find the value of За + 5b: 7b — 5a. 
10. Complete the following: 


24 6 Э 

(i) Шу = ~, then 4x = 

оба 15b _ 

(її) If х= y ,then ay = m 


1 
(iii) 12220 = дар, then 54 = 


11. Find x in the following proportions. 
3x-1 3 2x 7 
() — 3x-2:4z2x43:7 Gy Ceu 
Ке x-3 5 x-l 4 . pi — 4 

Gi 2 "x-1" 3 "x44 08) РАР Жаа а :(p- 4)? 

(v) 8-х:11-х:16-х:25-х 
(с) Variation: 

The word variation is frequently used in all sciences. There are two types of 
variations: (1) Direct variation (ii) Inverse variation. 
(1) Пігесі Уагїайоп 


If two quantities are related in such a way that increase (decrease) in one quantity 
causes increase (decrease) in the other quantity, then this variation is called direct variation. 


In otherwords, if a quantity y varies directly with regard to a quantity x. We say that y 


is directly proportional to x and is written as у œ x or y = kx. i.e., 2 -kkz0. 


The sign ос read as “varies as” is called the sign of proportionality or variation, while 
k #0 15 known as constant of variation. 
eg, (0 Faster the speed of a car, longer the distance it covers. 
(ii) The smaller the radius of the circle, smaller the circumference is. 
Find the relation between distance d of a body falling from rest varies directly 


as the square of the time f, neglecting air resistance. Find k, if d = 16 feet for t = 1 sec. Also 
derive a relation between d and t. 


Since d is the distance of the body falling from rest in time f. 
Then under the given condition 
de? 


Le., 4-і (i) 


Since d= 16 feet and t = 1 sec 
Then equation (i) becomes 
16 = Е (1)? 
i.e., k=16 


put in eq. (i) d= 162 
Which is a relationship between the distance d and time f. 


Activity: 

From the above example: 
(1) Find time 7, when d = 64 feet 
(ii) Find distance d, when ft = 3 sec 


15611111) B If y varies directly as x, find 


(a) the equation connecting x and y. 
(b) the constant of variation К and the relation between x and y, 
when x = 7 and y 2 6 
(c) the value of y, when x = 21. 
(a) Given that y varies directly as x. 
Therefore yœ x, ie, y= kx, where k is constant of variation. 
(b) Putting x 2 7 and y = 6 in equation 
y=kx 0) 


AID 


Ме рег 6=7k > k= 


6 
Putin eq. (i) y= 7х (ii) 
(c) Now put x = 21, in equation (ii) 


Then у-201)- 18 


1782 
ОСК Given that A varies directly as the square of r and А = 7 cm?, when r = 9cm. 


If r = 14cm, then find A. 
Since A varies directly as square of r 
А ос ү? 


Рш К= = and r =14cm in eq. (i) 


A -2 (ду -2y 14 x 14 = 616 cm? 
Г Example 4: Ji y varies directly as cube of x and y = 81 when x = 3, so evaluate y when x = 5. 
Given that y varies directly as cube of x. 
ie, yer or у= ike (i) (where k is constant) 
Put y = 81 and x =3 in (i) 
81-5403) = 27k=81 > k=3 
Now put k = 3 and x = 5 in eq. (i) 
у= 3(5)3 = 375 
(ii) Inverse Variation 


If two quantities are related in such a way that when one quantity increases, the other 
decreases is called inverse variation. 


In otherwords, if a quantity y varies inversely with regard to quantity x. We say that y 
9" : а е 1 К 
is inversely proportional to х or y varies inversely as x and is written as y ос y= 
i.e., xy = k, where k z 0 is the constant of variation. 


ес IF y varies inversely as x and y = 8, when x = 4. Find y, when x = 16. 
Since y varies inversely as x, therefore 


1 К А 
үзе ог у= (i) 
> ху= К (1) 
Putting y = 8 and x = 4 in (ii) 
k=% 0) 
= (4)(8) = 32 


32 
Now put k = 32 and x = 16 in (1) > У-16-2 


ПЕТТО If y varies inversely as x? and у = 16, when x = 5, so find x, when у = 100. 
Since y varies inversely as x?, therefore 


1 
йе ог у= 
k = x?y (i) 
Put x =5 and y = 16 in (i) 
к= (5)2 x 16 
k = 400 


Now put k = 400 and y = 100 in (1) 


= 2 о 2 
400 = 100х ог х =100=4 
х=? 
шш" EXERCISE 3.2 "= 

1. If y varies directly as x, and у = 8 when x = 2, find 

(i) y in terms of x (ii) у when x = 5 

(iii) x when y = 28 
2. If y = x, and y = 7 when x = 3 find 

(i) y in terms of x (1) _ x when = 35 and y when x = 18 
3. If R e T and R = 5 when T = 8, find the equation connecting R and Т. Also find R 


when T = 64 and T when R = 20. 


4. If Re Т and К = 8 when T = 3, find R when T = 6. 

5. If V = ЁЗ and V = 5 when R = 3, find R when У = 625. 

6. If w varies directly as u? and w = 81 when и = 3. Find w when и = 5. 

7. If y varies inversely as x and y = 7 when x = 2, find y when x = 126. 
1 

8. If y ос, and y = 4 when x = 3, find x when у = 24. 
1 17 

9. If w œ and = 5 when z =7, find w when с = 10, 


10. A œ Sand A = 2 when г = 3, find r when A = 72. 
11. a œ 35 and a = 3 when b = 4, find a when b. 8. 
1 
12. V 3 and У = 5 when r = 3, find V when г = 6 and г when У = 320. 


1 
13. т =” у and т = 2 when п = 4, find т when п = 6 and n when т = 432. 


3.11) Find 3'%, 4®, mean and continued proportion: 
We are already familiar with proportions that if quantities a, b, c and d are in 
proportion, then a:b::c:d 
ie., product of extremes = product of means 
Third Proportional 
If three quantities a, b and c are related as a:b::b:c, 
then c is called the third proportion. 
ФТТ Find а third proportional of x + y and x? — y?. 
| Let c be the third proportional, 
Шеп х+у:х2-у2:х2-у2:с 
с (кх + у) = @®— у?) (2 - у?) 


(2-уӘ(2-у) Q2-y)(-y)x-* 
г х+у а (х + у) 
с= (2 - у?) (х— у) = (х + у) (х у)? 
Fourth Proportional 
If four quantities a, Р, c and d are related as 
а:Басса 
Then d is called the fourth proportional. 
Г Example 2: Jame fourth proportional of a? — b?, а + b and а? + ab + b? 
[ Solution: Let х be the fourth proportional, 


then (а2—ЬЗ):(а+Ь)::(а2+аЬ+Ь?):х 


іе,  x(ae—b3)=(at+b) (а2 + ар +2) 
_(a+b)(a?+ab +b?) (a- b) (a? * ab +b?) 
~ аз – b’ ^ (a— b) (a? + ab + D?) 
_atb 
aa” 


Mean Proportional 
If three quantities a, b and с are related as a: b::b:c, 
then b is called the mean proportional. 
ФЭ Find the mean proportional of 9p$g^ and r°. 
Let m be the mean proportional, 
then — 9pég^:m: m : r’ 
or т.т-9рб44 (r5) 
m? = 9рбад%т® 
m = + \[9рба%® = + 3р3д2т5 
Continued Proportion 
If three quantities a, b and c are related as 
a:bub:c , 
where a is first, b is the mean and c is the third proportional, then a, b and c are in 
continued proportion. 
[ Example 4: Jame р, if 12, p and 3 are in continued proportion. 
Since 12, p and 3 are in continued proportion. 
12:p:p:3 ie, р.р= (12) (3) => p*=36 
Thus, р=+6 


E EXERCISE 3.3 = 


jl: Find a third proportional to 
(1) 6, 12 (її) a?, 3a? 
(iii) а2-Ы,а-ь (iv) (x-y)*,x3-y3 
жЕ с 222 (vi) EC. 5 Cm 
2. Find a fourth proportional to 
(i) 5, 8, 15 (ii) 4x4, 2x3, 18x5 
(Ші) ^ 15a5b6, 104255, 21a3b3 (iv) | x2—- Mx + 24, (x — 3), 5x* – 402 


(0 — р?+4%,р?2—4?,р?—рд+д? 
vi) (02 40р? +ра + 4), р +4 ,р -– 


3. Find а mean proportional between 
(i) 20, 45 (її) 20х3у5, 5х7у 
(її) 15р4ағ3, 135427 (м х-у2, | 
4. Find the values of the letter involved in the following continued proportions. 
© 5, p, 45 (ii) 8,х,18 
(iii) 12,3р-6,27 (iv) 7, m — 3, 28 


3.2 Theorems on Proportions 
If four quantities a, b, c and d form a proportion, then many other useful properties 
may be deduced by the properties of fractions. 
(1) Theorem of Invertendo 
Ifa: b=c:d,thenb:a=d:c 
Г Ехашрїе 1: If 3m : 2n = р: 24, then 
2n:3m=2q:p 
СЭ Since 3m : 2n =p : 24 
3m p 
2п 2q 
By invertendo theorem 
2n 24 
3m p 
i.e., 2n : 3m = 2q: p 
(2) Theorem of Alternando 
Па:Б=с: а, Фепа:с=Ь:а 
[ Example 2: Jü 3p +1: 24 = 5r : 7s, then prove that 3p + 1 : 5r = 2q : 7s 
Given that Зр + 1 : 2q =5r: 7s 


Then 


24 178 
By alternando theorem 
3р+1 24 
БІР Ts 
Thus, 3p+1:5r=2q:7s 
(3) Тһеогет оҒ Сотропепдо 


If a:b=c: а, then 
(i) atb:b=ct+d:d 
and (ii) a:at+b=c:ct+d 
GOURD If m+ 3:n=p:q-2, then 
т+п+3:п=р+4-2:9- 2 
СӘ Since m+3:n=p:q-2 
т+3__р_ 
n 4-2 
By componendo theorem 


(m*3)*n р-(4-2) 


n q-2 
т+п+3 р+а-2 
Or 
n q-2 


Thus mt+n+3:n=pt+q-2:q-2 
(4) Theorem of Dividendo 
If a:b=c: 4d, then 
(ї) a-b:b=c-d:d 
and (ii) аса-Б-с:с-а 
Ф ЭГ m+ 1:n-2=2p+3:3qg+1. 
Then т-п-3:п-2-2р-34-2:34-1 
СИТО Given that m+ 1:n—-2=2p+3:3qt1 


т+1 2р+3 
Then n2 = зі 
By dividendo theorem 
т-п+3 2р-34%2 
п-2 ^ 3441 
Thus m—n+3:n-—2=2p—3q+2:3q+1 
(5) Theorem of Componendo-dividendo 


If a:b=c: d, then 
(i) at+b:a-b=ct+d:c-d 
(ii) а-бБ:4400-0-4:-4 


Example 5: NE en no 


Then prove that 3m + 7n : 3m — Tn = Зр + 7q : Зр – 74 


Solution: Since тіп-р:4 
oe ш ар 
п 4 


Multiplying both sides by - we get 
3m 3p 
7п Tq 
Then using componendo-dividendo theorem 


3m + 7п 3р%74 
3т-7п 3р-74 


Thus Зт + 7и: Зт– 7п = Зр + 79 : Зр – Iq 
ФТН И 5m + 3n : 5m – Зи = 5p + 3q : 5р - 34, 

then show that m:n=p:q 
00079 Given that 5m + 3n: 5m 3n = 5p + 3q : 5p – 3q 


5т +3п _5р+34 
ны 5т-3п 5р-34 
Ву componendo-dividendo theorem 


(5m + Зп) + (5m – Зп) _ (Sp + 3q) + бр – 34) 
(5m + Зп) - (5m - Зп) (5p + 34) - (5p — 34) 


5m + 3n +5m-3n _5р+3д+5р—34 
5m+3n-5m+3n 5р + 34 – 5р +3q 


10т 10р 
6n 64 


6 
Multiplying both sides Бу 10 


m p 
n q 
i.e., тіп-р:4 


ео EP Using theorem of componendo-dividendo, find the value of 


m+3p т+2а . 6pq 
+ , if m= : 
т-3р т-24 pt4q 


Since т = 


Solution: 


By componendo-dividendo theorem 
m+3p 24%(р%4) 29+р+д 
т-3р 2q-(p*q) 24-Р-4 
т%3р p*3q қ 
- (1) 
т-3р 4-р 
Again from eq. (1), we һауе 
т Эр 
24 р+4 
Ву componendo-dividendo theorem 
т+24 3p*(ptq) 3p*p*q 
т-24 3p-(p*q) 3p-p-q 
m+2q Ap*q ET 
тэг (ш) 
Adding (ii) апа (iii) 
m+3p т%24 p*3q 4p*tq —p*3q 4р%4 
m-3p'm-2q 4-р 2p-q  p-q 2p-q 
+ 34) (2р- 4) + (р- 4 4p +q) 


(p — 4) (2p – q) 
_ 22р? — 5ра + За? + Ap? – 3pq – q? 
(p — 9) (2р - 9) 


_ 2p? 8ра + 242 2(р? — 4ра + q^) 
70-4 (2р-4 р-ФОр-Ф 
Т) Озшз theorem of componendo-dividendo, solve the equation 


X*3-4Nx-3 4 


АТТ 
Ax-34Nx-3 4 
Given equation is А =з 
(х%3-Ах-3 


By componendo-dividendo theorem 


Ax 3 +үх- rim - -123 
Мх+3 +үх-3 Ax +3 + үх 


195 


%3-49(х-3) => х+3 =49х- 147 => х-49х--147-3 

150 23 

48 78 

PExample 9:05 do-dividendo th Ive th Т е3) 200-39) 4 
хатр QS Sing componen о-атулаепао theorem, Solve ше equa 10n (х + зу E (x — 5) = 5° 


-48х--150 => 48х=150 > х= 


— бо Зе 4 
GUT (119) Given equation is (х+ 3)2 + (х 5)2 5 


Ву componendo-dividendo theorem 
(х + 3)2—(х—5)?+(х+3)?+(х—5)?_4+ 
(-32-(х-52-(х432-(х-5) 4-5 


263» 9 СЭР 
-2(х-5) 7 -1 > = = (3)? 


Taking square root х3 = 3 
х-5 
x+3 xt 
quos d Or тв 
х+3 = 3(х – 5) х+3=-3(х - 5) 
х+3 = 3х - 15 х+3 =-3Зх + 15 
—2x =-18 4х = 12 
х=9 x=3 


The solution set is {3, 9} 


3 EXERCISE 3.4 == 


1. Prove that a:b=c:d,if 
. 4а+5Ь_4с+54 зү 24+9b 2c+9d 
ОЛ cap 4520 UD Олор 325484 


su Geb? qd . а?с +024 _ас?+ЬЁ 
(ш) ac? — bd? e -BP Bv) а2с – b?d ac — БФ 


(v) pa-cqb:pa-qbz- pc * qd : pc — qd 


: а+Ь+с+4_а-Ь+с-4 
(v1) a+b-c-d a-b-c«d 


i "| 2a+3b+2c+3d_2a-3b+?2c-3d 
‚урууусу a арои 
a +b? . ac * bd 

а2 b? ac — bd 

2" Using theorem of componendo-dividendo 


2 2 4 
d) Епа the value of 27.0 if y= 
x—2y 5-22 yan 


(viii) 


4) Бий Өр шт а ina 
т-5п т-5р п+р 
-6 6b 12ab 
(iii) Find the value of а , if s 
(iv) Find the value of оь , if -— 
x+3y x-3 y-z 
(v) Find the value of pd cte : iis ТЕ 
5+3р 5-34 Р-4 


| (х-2)-(-4) 12 
DD. Seer о-в 


(vii) Solve 22 


" х 1 
(уш) Solve NE: " Ja — pi reg 
. (x45) -(x—-3) 13 
(ix) Solve (45) 4 0-3) -14 
3.3.1) Joint variation 
A combination of direct and inverse variations of one or more than one variables 
forms joint variation. 


If a variable y varies directly as x and varies inversely as z. 
1 
Then yex and у= 


In joint variation, we write it as 


x 

У”. 
: x 
i.e., yek. 


Where Kk = 0 is the constant of variation. 


For example, Бу Newton's law of gravitation, if one body attracts another with a 
force (С), that varies directly as the product of their masses (m4), (ть) and inversely as the 
square of the distance (d) between them. 


: ПО о 
ее. ос A 2 or Zk d 2 
3.3.(й) Problems related to joint variation. 
Procedure to solve the problems related to joint variation is explained through 
| examples. 
еШ) If y varies jointly as x? and z and y = 6 when x = 4, z = 9. Write y as a function 
of x and z and determine the value of y, when x = —8 and z 12. 
Since y varies jointly as x? and z, therefore 


, Where k z 0 is the constant 


yo xz 
ie,  y-kx (1) 
Рш y=6,x=4,z7=9 
6 =k (4)? (9) 
o =k > k=53 
16x9 24 
1 


1. : 
Putk 25; in eq.(i), усэд z 


Now put x = —8, z = 12 in the above equation, 

_ 1 

У= 24 

SEO p varies jointly as q and 7? and inversely as s and 2, p = 40, when q = 8, r = 5, 

5=3,1=2. Find p in terms of д, ғ, s and t. Also find the value of p when q = —2, r=4, $ = 3 
and t = –1. 


(-8)? (12) = 32 


2 
ОТТ) Given that pet 
r2 . 
120 
Рш p=40,g=8,r=5,s=3 айа1=2 
B 
40=k 30)? 
40Х3х4 , 
8x25 2 


р-К 


Тһеп ед. (1) Бесотез 


12 gr* 
р= 5 ір 


Now for q = —2, r = 4, s =3 and t = —1, we have 


в c 
Р= 5 (c^ 5 


— EXERCISE 3.5 (== 


ДЕ If s varies directly аз и? and inversely as у and s = 7 when и = 3, v = 2. Find the value 
of s when и = 6 and у= 10. 

2. If w varies jointly as x, y? and z and w = 5 when x = 2, y = 3, z = 10. Find w when 
x=4,y=7andz=3. 

3. If y varies directly as x3 and inversely as z? and f, and y = 16 when x = 4, z = 2, 
t = 3. Find the value of y when x = 2, z = 3 and t = 4. 


4. If u varies directly as х2 and inversely as the product уг, and u = 2 when x = 8, y = 7, 
z = 2. Find the value of u when х= 6, у= 3, z=2. 


5. If v varies directly as the product xy? and inversely as 22 and v = 27 when x - 7, 
у = 6, < = 7. Find the value of v when x = 6, y 22, z = 3. 


6. If w varies inversely as the cube of и, and w = 5 when и = 3. Find w when и = 6. 

3.4. K-Method 

3.41) Use k-method to prove conditional equalities involving proportions. 
If a: b :: c: dis а proportion, then putting each ratio equal to k 


a-bk and с = dk 
Using the above equations, we can solve certain problems relating to proportions more easily. 
This method is known as k-method. We illustrate the k-method through the following 
examples. 
Denny 039 Га: Б=с: а, then show that 
3a+2b 3c+2d 
3a-2b' 3c - 2d 


(Solution: ЛАТ 


Let ri 
Then a-bk and c= dk 
3a+2b 3с-24 
3а-2Ь73с-2а 


То ргоуе 


_За+2Ь 3К-25 Ь(3К-2) 
“За-25 3kb-2b b(3k- 2) 
3k +2 Я 

== (1) 

3с-24 3кК4-24 4(3К-2) 
3c-2d 3kd-2d d(3k-2) 
25 о 
L.H.S = R.H.S 

За+2Ь_3с+24 

3a—2b 3с-24 

е1) [379 а: р = с: d, then show that 


Now  L.H.S 


Also R.H.S = 


i.e., 


pa * qb : ma — nb = pc + qd : mc — nd 
Solution: Let? 2S Kk, then а = bk and c = dk 
pa+qb  pkb-qb 
ma nb mkb- nb 


_ ВФЕ+9) _ pk+q 
~ b(mk—n) mk-n 
pc*qd _ рка+ qd = 
mc-—nd mkd- па o 
_ ФрЕ+4) _ pk+q 
~ d(mk—n) mk-n 
i.e., ра + qb : ma — nb = pc + qd : mc — nd 


L.H.S = pa + qb: та – nb = 


R.H.S = pc + qd: mc - nd = 


a c е аз +c +e? ace 
Example 3: ҮН аа en show that 5 руз рде 
шиг а ае 
Solution: Let bed f" 
e 
d == 
f 


= bk , c = dk and e = fk 
а3+ с3+е3 ace 
lopove adef bar 


Зое QE? + (ft 
Now LH§ -EE (b + (dE) + 


аздау Байда 


DUO + а +З (Bees) 
з ++]? Ded ау? 


i.e., 


13 


асе _ (bk) (dk) (fk) _ 3 baf |, 

bdf bdf bdf 
LHS = R.H.S 

! rere? асе 

шал Bed ef bdf 


Also R.H.S = 


асе аЬ + с?а+ е?{ atcte 
Example 4: Їл: 2221 00121001 


: а_с_е_ 
SU ULI Let p d` кы; 
a = bk, c = dk, e = fk 
T @bh+cCd+ef а+с+е 
ШАРТ + ef b+d+f 
2 2 2 
LHS.- ар + c*d + еу 


ab? + cd? + ef? 
_ (bk)2b + (акуа + (р? E + kd? + 2/3 
= (blo? + (dhd? + (fof 2^. kb + kd? + 03 
E (b d? +f?) 
= 3 3 z =k 
к +d +f’) 


рне-4ісже жасы 
UU" b+d+f b+d+f 


-ЕӨзезй , 
^" b+d+f ^ 


L.H.S.  R.H.S. 


Th а? cd-ef а+с+е 
US, Gblecdiref b+dtf 


Е EXERCISE 3.6 (== 


1. If a: b=c: 4, (а, b, с, d £O), then show that 


т 4a—9b 4с-94 " ба—-5Ь_6бс—54 
® = 4a4 9b = 4c 49d Ш.М 


2 2. 
(i) %-4 | mm (iv) — a64 c6: Ьб + d6 = a3c3 : 53а 


(v) P(at+b)+qb:p(c+d)+qd=a:c 
do 
аһь” 


сі 


с2-а2: 


: дк. Б2з 
(vi) a? + b^: "T 


й с 1 | (a, b, c, d, e, f #0), then show that 


| шэг 5 ас+се+еа [асе гз 
ОНЫ Е pee Ші) (bd + df-+fb |ЫГ 
ay 4c ce ea a^ c? е 
(iii) Оша тш шо 
3.4(ii) Real life problems based on variation 
еи В The strength “s” of a rectangular beam varies directly as the breadth b and the 
square of the depth d. If а beam 9cm wide and 12cm deep will support 1200 Ib. What weight 
а beam of 12cm wide апа 9cm deep will support? 
By the joint variation, we һауе s с bd? 
ie, | s-kbd 0) 
Риї 5 = 1200, b=9 and d=12 
К(9) (12)? = 1200 
221200 25 
79х144727 


25 
Put ineg. (1) s =57 bd? 
Now for = 12 andd=9 


25(12) (9) (9) 
57 = 900 Ib 


25 
5=57 (12) (9 = 


DEMY OV The current in a wire varies directly as the electromotive force Е and inversely 
as the resistance R. If / = 32 amperes, when E = 128 volts and А = 8 ohms. Find Г, when 
Е = 150 volts and К = 18 ohms. 


E 
Г Solution: 30) joint variation, we һауе [ec ГЕ Le, Ішы (1) 


For [= 32, Е = 128 апа R = 8, 
К(12 2 
уу 8128) _ 32x8 


8 => 7108 =k > 1-2 


2Е 
Put in eq. (1) [s 


Now for E = 150 and R = 18 
_ 24150) 50 


= ig 73 атр. 


@ 


E—À EXERCISE 3.7 ВЕ 


The surface area A of a cube varies directly as the square of the length / of an edge 
and A = 27 square units when / = 3 units. 

Find (1) A when / = 4 units (ii) / when A = 12 sq. units. 

The surface area S of the sphere varies directly as the square of radius r, 

and 5 = 1677 when r = 2. Find ғ when 5 = 367. 

In Hook's law the force F applied to stretch a spring varies directly as the amount of 
elongation 5 апа F = 324 when 5 = 1.6 in. Find (1) 5 when F = 50 Ib (1) Е when 
5 = 0.8in. 

The intensity Г of light from a given source varies inversely as the square of the 
distance d from it. If the intensity is 20 candlepower at a distance of 12ft. from the 
source, find the intensity at a point 8ft. from the source. 

The pressure P in a body of fluid varies directly as the depth d. If the pressure 
exerted on the bottom of a tank by a column of fluid 5ft. high is 2.25 16/54. in, how 
deep must the fluid be to exert a pressure of 9 Ib/sq. in? 

Labour costs c varies jointly as the number of workers n and the average number of 
days d. If the cost of 800 workers for 13 days is Rs. 286000, then find the labour cost 
of 600 workers for 18 days. 

The supporting load c of a pillar varies as the fourth power of its diameter d and 
inversely as the square of its length /. A pillar of diameter 6 inch and of height 30 
feet will support a load of 63 tons. How high a 4 inch pillar must be to support a load 
of 28 tons? 

The time 7 required for an elevator to lift a weight varies jointly as the weight w and 
the lifting depth d varies inversely as the power p of the motor. If 25 sec. are required 
for a 4-hp motor to lift 500 Ib through 40 ft, what power is required to lift 800 Ib, 
through 120 ft in 40 sec.? 

The kinetic energy (K.E.) of a body varies jointly as the mass “т” of the body and 
the square of its velocity “>”. If the kinetic energy is 4320 ИЛЬ when the mass is 
45 Ib and the velocity is 24 ft/sec, determine the kinetic energy of a 3000 /Ь 
automobile travelling 44 ft/sec. 


MISCELLANEOUS EXERCISE - 3 


Multiple Choice Questions 

Four possible answers are given for the following questions. Tick (У) the 
correct answer. 

Шш aratio a : Б, a is called 

(a) relation (b) antecedent 

(c) consequent (d) None of these 


(уш) 


ах) 


(х) 


(хі) 


In a ratio x : y, y is called 


(a) relation (b) antecedent 
(c) consequent (d) None of these 
In a proportion a: Б: : с: d, a and d are called, 

(a) means (b) extremes 

(c) third proportional (d) None of these 
In a proportion a: b : : с: d, b and c are called 

(a) means (b) extremes 

(c) fourth proportional (d) None of these 


In continued proportion а: b = Б: c, ac = D?, b is said to be 
between a and c. 


proportional 


(a) third (b) fourth 
(c) | means (d) None of these 
In continued proportion a: b = Б: c, cissaidtobe — | proportional to a and b. 
(a) third (b) fourth 
(c) means (d) | None of these 
Find x in proportion 4 : x :: 5: 15 
75 4 
(a) 4 (b) 3 
3 
(c) 4 (4) 12 
If u e у2, then 
(а) и=у? (b) и= 2 
(с) uvt=k (d | w?z1 
1 
If y? e 2: Шеп 
К 1 
(а) у2= 73 (0 = 
(с) у= (d у= 
If “=*= k, then 
v w 
(а)  u=wk? (D u=vk? 
(с) u=w?k (d u=vk 
The third proportional of x? and y? is 
2 
а 5 (b ху 
X у? 
(с) x2 (d) x 


200 197 
(а) 7 (е с 
х 
а {сеч 
© ху» @ 9 
(хш) If a: Б=х: y, then alternando property is 
a b a x 
(ones ® = 
a+b x+ a-b x- 
= d = i 
о = que c 
(xiv) Ifa:b=x: у, then invertendo property is 
а b a x 
а) =, (b) PEE LUNES 
arb x*y b y 
© "x @ == 
а с | 
(xv) Ш bud? then componendo property is 
a С а С 
(а) a+b с-4 (b) а-Ь с-а 
аа a-b с-а 
б) Fe (4) b 
2. Write short answers of the following questions. 
) Define ratio and give one example. 
(1) Define proportion. 
(iii) Define direct variation. 
(iv) Define inverse variation. 
(v) State theorem of componendo-dividendo. 


(vi) Find x, if 6:x::3:5. 

(vii) If x and y? varies directly, and x = 27 when y = 4. Find the value of y when x = 3. 
(viii) If u and v varies inversely, and и = 8, when v = 3. Find v when и = 12. 

(ix) Find the fourth proportional to 8, 7, 6. 

(x) Find a mean proportional to 16 and 49. 

(xi) Find a third proportional to 28 and 4. 


2 
(хй) If yo - and y = 28 мһепх-7,2-2, then find y. 
(xii) If z œ xy and z = 36 when x = 2, y = 3, then find z. 


1 
If w ос “2 and w = 2 when у = 3, then find w. 


Fill in the blanks 


' 2 (х+у) (х2 + ху+у2). 
0) The simplest form of the ratio 5 к y 15 _ 


(ii) Inaratio x : y; xis called 
(iii) In a ratio a : b; b is called 
| (iv) In a proportion a: b :: х: у; a and y are called _ 
(v) Ina proportion p : q :: m: n; q and m are called 
(vi) In proportion 7 : 4 :: p: 8, р= 
(уп) If6:m::9:12, thenm=_ 

(уш) If x and y varies directly, then x = 


(ix) Ifv varies directly as из, then u? = 

(x) If w varies inversely as рд, then К = 
(xi) A third proportional of 12 and 4, 15 — - 
(xii) Тһе fourth proportional of 15, 6, 5 is 


(xiii) Тһе mean proportional of 4m?n^ and рб is 


(xiv) Тһе continued proportion of 4, т and 9 is 


= SUMMARY == 


> A relation between two quantities of the same kind is called ratio. 
| > A proportion is a statement, which is expressed as equivalence of two ratios. 


If two ratios а : b and c : d are equal, then we can write а: b=c:d 
| 


|» If two quantities are related in such a way that increase (decrease) in one quantity 
causes increase (decrease) in the other quantity is called direct variation. 

» If two quantities are related in such a way that when one quantity increases, the other 
decreases is called inverse variation. 

|» Theorem on proportions: 

(1) Theorem of Invertendo 
Ifa:b-c:d,thenb:azd:c 

(2) Theorem of Alternando 
Ifa:b=c:d,thena:c=b:d 

(3) Theorem of Componendo 
If а:Б-с:а, then 
(i) at+b:b=c+d:d 

(ii) a:at+tb=c:ct+d 


(0) a—-b:bzc-d:d 

(ii) quia bce cC 4 

Theorem of Componendo-dividendo 

If а: Б= с: а, then 

а+р:а=-Б=с+а: с-а 

A combination of direct and inverse variations of one or more than one variable 
forms joint variation. 
K-Method, 


a — bk and c= ак 


=k , then a=bk,c=dkande=fk 


= - Emm. эь. шит 1 


кос сы 
=, 
A : | 


In this unit, students will learn how to 
ж define proper, improper and rational fraction. 


ж resolve an algebraic fraction into partial fractions when its denominator 
consists of 


e non-repeated linear factors, 

e repeated linear factors, 

e non-repeated quadratic factors, 
e repeated quadratic factors. 


x) 


4.1. Fraction 


The quotient of two numbers or algebraic expressions is called a fraction. The 
quotient is indicated by a bar (—). We write, the dividend above the bar and the divisor 


242 
below the bar. For example, Pu is a fraction with x — 2 #0. If x — 2 = 0, then the fraction 


is not defined because x 2 = 0 > x = 2 which makes the denominator of the fraction zero. 
4.1.1 Rational Fraction 


An expression of the form Do , Where N(x) and D(x) are polynomials in x with real 


coefficients and D(x) # 0, is called a rational fraction. 


x43 2x : . 
For example, G c1» (42) and О) are rational fractions. 


4.1.2 Proper Fraction: 


M 
A rational fraction no , with D(x) # 0 is called a proper fraction if degree of the 


polynomial N(x) in the numerator is less than the degree of the polynomial D(x) in the 
2 2х-3 4 3x2 
х+1 2+4 2053 +1 


4.1.3 Improper Fraction: 


denominator. For example, “аге proper fractions. 


A rational fraction Do , with D(x) # 0 is called an improper fraction if degree of 


the polynomial M(x) is greater or equal to the degree of the polynomial D(x). 
5х 33242 6x4 
В» о х+2'2+7х+12'3+1 
Every improper fraction сап be reduced Бу division to the sum of a polynomial and а 
proper fraction. This means that if degree of the numerator is greater or equal to the degree of 
the denominator, then we can divide N(x) by D(x) obtaining a quotient polynomial Q(x) and a 
remainder polynomial R(x), whose degree is less than the degree of D(x). 


are improper fractions. 


R 
Thus Do = О(х) + Do , With D(x) + 0. Where Q(x) is quotient polynomial and 
К(х) х? +1 


Р(х) 15 a proper fraction. For example, x4] 15 ап improper fraction. 


х2-1 2. | — +l b йл 
x+1 1.е., an improper traction х-1 as been resolved to 


a quotient polynomial Q(x) 2 x — 1 and a proper fraction Sw 


д —х?+х+1 
х2+5 
ВЕ Let M(x) = 38 -x2 +х+ 1 and р(х) = 22 + 5 


16111312 B Resolve the fraction ` into proper fraction. 


x-1 


By long division, we have 2+5) х+1 
26 +5х 
-x?-4x4l 
+ х2 +5 
х3-х2-х-41 —4х + 6 -4x+6 
ге і = 


Activity: Separate proper and improper fractions 


х2-х-1 2х +5 —— 
(i) 242 (1) (х + )(х +2) (iii) (iv) (х- Tm 2) 
Activity: Convert the following improper in into proper fractions. 
23х2-2х-1 6х3 + 5х2 — 6 


G) ш) WP == || 


4.2 Resolution of Fraction into Partial Fractions 

-2 
-17х41” 
positive or сеч sign. It is easy to find a single fraction, which is equal to the sum of 
these fractions. 


Th 1 2 4 x(x-*1)-2xx— 1) + 4(x— 1)(x-* 1) 
M x x(x — 1) (x + 1) 


Consider ^T ‚ а set of three fractions each of which is prefixed by a 


XO +x- 202 +2х+ A - 4 


x(x — 1) (x * 1) 


_ 3x2 + 3x — 4 
“х(х-1Хх- 1) 
The single tracion тт тте di 
e single Traction x(x- DG 1) 1S е simpiitie orm o e given ractions and 15 


_—2_ 
21541 
partial fractions. In this chapter, we shall be given a rational ЖТ (or resultant fraction) 
and required to find its partial fractions. 


4 
known as resultant fraction. The given fractions ^T andy are called components or 


N 
Every proper fraction ne , with D(x) # 0 can be resolved into an algebraic sum of 


partial fractions as follows: 


4.21 Resolution of an algebraic fraction into partial fractions, when D(x) 
consists of non-repeated linear factors. 
Rule I: If linear factor (ax + b) occurs as a factor of D(x), then there is a partial fraction of 


A : 
the form NUITS where А is a constant to be found. 
In no the polynomial D(x) may be written as, 


D(x) = (a,x + by) (ах + b,) ..... (a,x + Б.) with all factors distinct. 
N(x) _ А, Ay Аз А 
> Р(х) ax*b, ayxtb, азх+Ь; 77 


һ 
We have ax b, 


where A, A, ... A, are constants to be determined. The following examples illustrate 
how we can find these constants: 


5x44 . : : 
Ехашрїе 1: Resolve Я into partial fractions. 
: 5x+4 А В . 

Solution: Let (2-493) 24942) 3-4 T d (1) 
Multiplying throughout Бу (x — 4) (x + 2), we get 

5х+4=А (х+2)+В (х- 4) (1) 
Equation (11) is an identity, which holds good for all values of х and hence for 

х=4апах=-2. 
Рш х-4-д0 ie., х = 4 (factor corresponding to A) оп both sides of the equation (ii), 
we get 5(4)+4=А(4+2) > |А-4 


Рш х-2-016,х--2 (factor corresponding to В), we get 


5(-2)+4=B(-2-4) > -6B=-6 = 


1 
x+2 


Thus required partial fractions are + 


х-4 
5:4 4 1 
(х 40 +2) х-4 x42 
This method is called the zero's method. This method is especially useful with linear 
factors іп the denominator D(x). 


Hence, 


Note: 


1. 


Example Resolve 


5 1 | қ 
Solution: И сап be written as for convenience 


LL into partial fractions. 


3-х-2 2x*—X—2 
The denominator D (х) = 2х2 — x - 3 = 222 — 3x + 2x - 3 
=x (2x— 3) +1 (2х- 3) = (x + (2x - 3) 
-1 -1 А В. 

22-х-3 (x+ 1)(2x—-3) х41 2x-3 
Multiplying both the sides by (x + 1) (2x — 3), we get 

—1=А (2х -— 3) + В(х + 1) 
Equating coefficients of x and constants on both sides, we get 

24-8-0 0) -34-8--1 (ii) 
Solving (i) and (11), we get A = : апаВ- = 
_1____1___2_ 
3 +x- 2x27 5(х41) 5(2х-3) 


Let, 


Thus, 


General method applicable to resolve all rational fractions of the form D is as 


follows: 

(1) The numerator N(x) must Бе of lower degree than the denominator D(x). 

(ii) If degree of N(x) 18 greater than the degree of D(x), then division 18 used and 
the remainder fraction R(x) can be broken into partial fractions. 

(iii) Make substitution of constants accordingly. 

(iv) Multiply both the sides by L.C.M. 

(v) Arrange the terms on both sides in descending order. 

(vi) Equate the coefficients of like powers of x on both sides, we get as many as 
equations as there are constants in assumption. 

(vii) Solving these equations, we can find the values of constants. 


— EXERCISE 4.1 = 


Resolve into partial fractions. 


7х= 9 2 х-11 3 3x – 1 
(x + 1)(х— 3) у (x — 4)(х +3) у х2-1 

х-5 5 Зх+3 6 7х— 25 
х2+2х-3 | (х- Dx + 2) ! (x — 4)(x - 3) 
х2-2х-1 6x3 + 532-7 


(x — 2)(x + 3) | 3x2- 020-1 


4.2.2 Resolution of a fraction when D(x) consists of repeated linear factors. 
Rule II: If a linear factor (ax + b) occurs n times as a factor of D(x), then there are n partial 
fractions of the form. 
A, А, Ay, Ё 

Е where A, A» © > A, аге constants and п > 2 isa 
positive integer. 

NG 8 оа с т 8 

D(x) ~ (ах +b) * (ax - b1* ^ * (axe by 

The method of finding constants and resolving into partial fractions is explained by 
the following example. 


1 : ; 
Ехатріе: Resolve 186-2) into partial fractions. 
A 1 A B с. 
5оїшйоп: Let, (02-18 (2-2) Pea x-1* 19 m 532 


Multiplying both sides by (x — 1)? (x — 2), we get 
1 = A(x- D(x-2) + B(x-2) + C(x- 1 
= АОй2-3х-2)-В(х-2)-002-2х-41)-1 0) 
Since (1) is an identity and is true for ай values of x 
Put x-1=0 ог х=1ш (а) we get 
B(1-2)21 => -В=1 ог В--1 
Рш х-2=0 ог x=2in (1), we get 
c2-1=1 > С-1 
Equating coefficients of х? on both the sides of (i) 
A+C=0 => A=-CsoA=-l 
Hence required partial fractions are 
-1 1 1 
x-1 (-18 (3-2) 
1 1 1 1 
(x= 12 (8-2) х+2 (х-1) (х-1)7 


—) EXERCISE 4.2 = 


Resolve into partial fractions. 


Thus, 


i x-3x41 2 Xx^-7x41l 4 9 

i (x — 1)? (x-2) у (x + 2 (x + 3) i (х= 1)(х + 2)? 
4 х* +1 5 7х +4 6 1 

` x?(x-1) у (3x + 2)(x + 1)? 1 (х= 1)2(х + 1) 


3х2 + 15x + 16 1 
(х + 2)? Q2- 1)(x +1) 


4.23 Resolution of fraction when D(x) consists of non-repeated irreducible 
quadratic factors. 

Rule III: If a quadratic factor (ax? + bx + c) with a 0 occurs once as a factor of D(x), the 
А 22077 Ах-В 
partial fraction is of the form RU UT 
lix +3 
(x 3) (x2 + 9) 

llix+3 А Bx+ C 

&—3)02+9 (х-3) 2+9 

Multiplying both the sides by (х- 3) (2 + 9) 

= 11х +3 = AQ +9) + (Bx + C) (х—3) 

= 11х + 3 = AQ2 + 9) + Во? — Зх) + С(х— 3) (1) 

Since (1) is ап identity, we have on substituting x = 3 
33+3=А (9+9) -> 18А=36 => А-2 

Comparing the coefficients of х2 and x on both the sides of (i), we get. 
А+В=0 = В--2 
-3B+C=11 => -3(—2)+С=11 > С-5 

—2х+5 

x49 


, Where A and B are constants to be found. 


161111323) Resolve into partial fractions. 


Solution: 2624 


Therefore, the partial fractions are В + 


1х+3 2 —2x +5 
5 (х— 3)02 +9) x-3" 249 


2-4 EXERCISE 4.3 ЕШ 


Resolve into partial fractions. 


Th 


1 3х-11 2 3x+7 3 1 

i (x + 3)(х2 + 1) ` (x2 + DG + 3) ! (x+ 1)(х2--1) 
4 9x —7 5 3x 47 6 x2 

і (x + 3)(х2 + 1) d (x + 3)(x2 +4) ! (x + 2)0 + 4) 


1 | 1 1 х? +1 
Sei [ LM ЕГІЗ 
4.2.4 Resolution of а fraction when D(x) has repeated irreducible quadratic 

factors. 
Rule IV: If a quadratic factor (ax? + bx + c) with a + 0, occurs twice in the denominator, the 
corresponding partial fractions are 
Ах+В Cx+D 
(ах? + bx + с) T (ax? + bx + c 

The constants A, B, C and D are found in the usual way. 


5 m s 2 into partial fractions. 


Example 1: Resolve 
mem, х5 — 22-2. : : 
"2217 is a proper fraction as degree of numerator is less than the degree of 
denominator. 
23-22-2 Ах+В Cx+D 
02417 24170241) 
Multiplying both the sides by (х2 + 1)2, we have 
х3 — 2x2 — 2 = (Ax + В) О? + 1) + Сх+ D 


Let 


х3 – 2x2 — 2 = А(х + x) + ВО? + 1) + Сх+ D (1) 
Equating the coefficients of x3, х2, x and constant оп both the sides of (i). 
Coefficients of x?: А=1 
Coefficients of х2: В--2 
Coefficients of x: А+С=0 > С=-1 
Constants: B+D=-2 

D--2-B--2-(-2)2-24220 => D=0 
Thus х3-232-2 x-2, —х+0 x-2 | х 
(2-1) х2-41 Q2-1? 2-1 02-19 


2х +1 | ; : 
8-1К2-19 into partial fractions. 
2х +1 А Вх+С Пх+Е 
(х= G24 127x-17 241 02-10 
Multiplying both the sides by (x — 1)(x? + 1)? 
2х + 12 AQ + 1)? + (Bx + С)(х — DG? + 1) + (Dx + Е)(х— 1) 0) 
Now we use zeros’ method. Put — 1 = 0 or x = 1 in (i), we get 


961100 Resolve 


ИПЭ Assume that 


З=ЕА (1+1)? > Así 
Now writing terms of (1) in descending order. 
2x + 1 = AQ + 2x2 + 1) + Вх(х3 —x32 - x - 1) + CQ — 2 +х- 1) + DG — x) + E(x-1) 
or 2x + 12 A (х4+2х2+1) + B (x4 — x3 + x2 х) + CQ - x2 + x - 1) + DG — x) + E (x-1) 
Equating coefficients of x^, х3, x2, and x on both the sides. 


Coefficients of x^: A+B=0 > B= = 
Coefficients of x3: -B+C=0 => C= a 
Coefficients of х2: 24-8-0-0-0 > р== 


Coefficients of x: -B+C-D+E=2 


3 3 3 р if) 
474%2%Е-2 = Е=2-5=5 


1. 


(ш) 


v) 


(у) 


M D NM 
Th М а ial f 5 к == = mc RAE 
us required partial fractions are ТӨСІ a (ТЕПЕ 


2241 3 a 
@= 1024127" 4@=1) 4G?-1) 2041» 


ЕАМ EXERCISE 4.4 = 


Resolve into partial fractions. 


x хі + Зх +х+1 
(х2 + 4y ^ (00241) 
— а= Ц 
(x + DG2 + 1)? + (х= Do? + 1)? 

d : х 
(2+2)? | (х2 + 1)2 


MISCELLANEOUS EXERCISE - 4 


Multiple Choice Questions 

Four possible answers are given for the following questions. Tick (У) the correct 
answer. 

The identity (5x + 4? = 25x? + 40x + 16 is true for 


(a) one value of x (b) two values of x 
(c) all values of x (d) none of these 
А Nx) . 
A function of the form f (x) = D(x) with D(x) = 0, where М(х) апа D(x) are 


polynomials in x is called 

(a) an identity (5) an equation 

(c) a fraction (d) none of these 

A fraction in which the degree of the numerator is greater or equal to the degree of 
denominator is called 

(a) a proper fraction (b) an improper fraction 

(c) an equation (d) algebraic relation 

A fraction in which the degree of numerator is less than the degree of the 
denominator is called 


(a) an equation (b) an improper fraction 
(c) an identity (d) a proper fraction 
2х+1 


Geb 


(a) an improper fraction (Ь) 
(с) а proper fraction (d) 


an equation 
none of these 


(vii) 


(viii) 


(х) 


(х) 


(x + 3)2 =x? + бх+9 is 


(a) a linear equation (Ь) an equation 
(c) an identity (d) none of these 
tur 327 
(х= 1)(x + 2) P 
(a) a proper fraction (b) an improper fraction 
(c) an identity (d) a constant term 


Partial fractions of are of the form 


х-2 
(x 1)(х + 2) 
A B Ax B 


(a) кіт? (9) coh ee 

A Вх +С Ах+В С 
(с) жел” x+2 (d) x-1 БІЛЕ) 
Partial fractions of --552-асо the f 

al fractions o (х + DG? + 2) 916 of the orm 

A B A Вх+С 

а) 5+1+02+2 © x4l*3242 
Ах-В С А Вх 
(с) х+1 7349 (4) x-1* 3242 
РийШ Бай онго аваат 
ial fractions о ЕЕ are of the form 

A B A Вх+С 

(a) атл (5) ге ү] 
А В Ах-В C 
б 14521721 Я @+h*x-1 
Write short answers of the following questions. 
0) Define a rational fraction. 
Gi) What is a proper fraction? 
(ш) | What is an improper fraction? 
Qv) What are partial fractions? 
-2 

(v) How can we make partial fractions of е2 он) ? 


(vi) Resolve into partial fractions. 


х2-1 
T . . . 3 
(vii) Find partial fractions of Gaia: 


X 


(x-3y 


(уш) Resolve into partial fractions. 


EM ET 
(х+а)(х- а) ` 
(х) Whether (х + 3)2 = х2 + 6x + 9 is an identity? 


(1х) How we can make the partial fractions of 


КШ SUMMARY = 


A fraction is an indicated quotient of two numbers or algebraic expressions. 


» An expression of the form D ‚ with D(x) = 0 and M(x) and D(x) are polynomials in 


x with real coefficients, is called a rational fraction. Every fractional expression can 
be expressed as a quotient of two polynomials. 


» A rational fraction a , with D(x) # 0 is called a proper fraction if degree of the 


polynomial N(x), in the numerator is less than the degree of the polynomial D(x), in 
the denominator. 


> A rational fraction Do , with D(x) + 0 is called an improper fraction if degree of 


the polynomial N(x) is greater or equal to the degree of the polynomial D(x). 


N 
» Partial fractions: Decomposition of resultant fraction no , With D(x) z 0, when 


(a) D(x) consists of non-repeated linear factors. 
(b) D(x) consists of repeated linear factors. 
(c) D(x) consists of non-repeated irreducible quadratic factors. 


(d) 


D(x) consists of repeated irreducible quadratic factors. 


"22002 
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In this unit, students will learn how to 


sets 

recall the sets denoted by N, W, Z, E, O, P and Q. 

recognize operation on sets (02, N, Х, ...) 

perform operations on sets union, intersection, difference, complement. 
give formal proofs of the following fundamental properties of union and 
intersection of two or three sets. 

e commutative property of union, 

commutative property of intersection, 

associative property of union, 

associative property of intersection, 

distributive property of union over intersection, 

distributive property of intersection over union, 

De Morgan's laws. 

verify the fundamental properties for given sets. 

use Venn diagram to represent 

e union and intersection of sets, 

e complement of a set. 

use Venn diagram to verify 

ө commutative law for union and intersection of sets, 

e De Morgan's laws, 

e associative laws, 

e distributive laws. 

recognize ordered pairs and cartesian product. 

define binary relation and identify its domain and range. 

define function and identify its domain, co-domain and range. 
demonstrate the following 

e into function, 

e one-one function, 

e into and one-one function (injective function), 

ө onto function (surjective function), 

e one-one and onto function (bijective function). 

examine whether a given relation is a function or not. 

differentiate between one-one correspondence and one-one function. 
include sufficient exercises to classify/differentiate between the above 


concepts. 
e 


—--— 


up EN qa 


о отаны! 
Qe 


gE TTA 


5.1 


А set is a well-defined collection of objects and it is denoted by capital letters A, В, С 
etc. 
5.1.1(i) Some Important Sets: 

In set theory, we usually deal with the following sets of numbers denoted by standard 
symbols: 

N = The set of natural numbers = (1, 2, 3, 4, ---} 

W = The set of whole numbers = {0, 1, 2, 3, 4, ---} 

Z = The set of all integers = (0, +1, +2, +3, ...} 

Е = The set of all even integers = (0, +2, +4, ...} 

О = The set of all odd integers = 1:1, +3, +5, ...} 

Р = The set of prime numbers = (2, 3, 5, 7, 11, 13, 17, ---} 


О = The set of all rational numbers = {x | x = Е ‚ where m, n e Zand n z 0) 


О’ = The set of all irrational numbers = {x | x = - , Where m, n e Zand n #0} 


К = The set of all real numbers = Q U Q’. 
5.1.1(ii) Recognize operations on sets (U, A, V, ... ): 
(a) Union of sets 


The union of two sets A and B written as A U B (read as A union В) is the set 
consisting of all the elements which are either in A or in B or in both. Thus 


АӘВ-(хіхе Аогхе Borxe Aand B both}. 
For example, if = (1, 2, 3, 4} and B = (4, 5,6, 7}, then A U В-11,2,3,4,5,6,7) 
(b) Intersection of sets 


The intersection of two sets А and B, written as A A B (read as “А intersection B") is 
the set consisting of all the common elements of A and B. Thus 


АПВ= {МхЕ Aandxe В}. 

Clearly хе АПВ > хє А апіхє B 

For example, if A = (a, Б, c, d) and В = (c, d, e, f}, then 
АПВ= {c,d} 

(с) Difference of sets 
If A and B are two sets, then their difference A — B or А \ В is defined as: 
A-Bz-íxxeAandxe В) 

Similarly В-А = {хіхє Bandxe А}. 

For example, if A = (1, 2, 3, 4, 5} and В = (2, 4, 5, 6, 8}, then 
А-В-(1,2,3,4,51-12,4,5,6,8|-11,3| 

Also 8-А-12,4,5,6,81)-11,2,3,4,51-16,81. 


Complement of a set 
If U is a universal set and A is a subset of U, then the complement of A is the set of 
those elements of U, which are not contained in A and is denoted by A ^or A*. 
А-0-А-(хіхе Uandxe A}. 
For example, if U = (1, 2, 3, ..., 10} and A = (2, 4, 6, 8}, then 


(4) 


A’=U-A 
= {1, 2, 3, ..., 10} — {2, 4, 6, 8} 
= {1, 3, 5, 7, 9, 10} 


5.1.1(iii) Perform operations оп sets: 

If U= {1,2, 3, ..., 10}, А = (2,3, 5, 7}, В = (3, 5, 8}, then 
find (i) AU B (Gi) AB (iii) A — B 
(iv) А “апа В” 

(i) AU B= {2, 3, 5, 7} u {3,5,8} 

= {2,3, 5,7,8} 
(ii) AC B {2, 3, 5,7} ^ {3,5,8} 
= {3, 5} 
(іі) AB = {2, 3, 5,7} \ {3, 5, 8) 
= {2,7} 

(iv) A’= U-A = (1,2,3, ..., 10} - (2,3, 5, 7} 

= {1, 4, 6, 8, 9, 10} 

B’=U-B={1, 2, 3, ..., 10} - (3, 5, 8} 
= {1,2, 4, 6, 7, 9, 10} 


=, EXERCISE 5.1 


1. If X= {1, 4, 7, 9} and У = {2, 4, 5, 9} 

Then find: 

(i) XUY (11) XnY 

au)  YuX (iv) YAX 
2. If X = Set of prime numbers less than or equal to 17 

and Y = Set of first 12 natural numbers, then find the following 

0) XUY (ii) YoX (Ш) ХоҮ (iv) YAX 
3. If X=¢, Y= Z', T = Ot, then 

find: (i) XUY (ii) ХОТ ап) YUT 

(1у) Хоу (у) Хот (vi) YOT 

4. If U={xlxe М л3<х<25), X= {xlxis prime ^ 8 <x <25} 


and Y={xlxe W Л4<х<17}. 


Find the value of: 


() (Хоу) (1) XAY 
Gii) (Хоу) (іу) KOY 
5. If X= {2, 4, 6, ---,20} and У = {4, 8, 12, ---, 24}, 
then find the following: 
(i) Х-Ү (1) Ү-Х 
6. ГА = № ам В = W, 
then find the value of 
(i) A-B (ii) В-А 
5.1.2(iv) Properties of Union and Intersection: 
(a) Commutative property of union. 


For any two sets A and B, prove thatA UB=BUA. 


Proof: 
Let хе АӘВ 
= хеА ог хеВ (by definition of union of sets) 
= хєВ o хєА 
= xe BUA 
= AUBCBUA (i) 
Now letye BUA 
=> yeB or усА (by definition of union of sets) 
> уєА or yeB 
> ye AUB 
= BUACAUB (1) 
From (i) and (ii), we have A U В = BU A. (by definition of equal sets) 
(b) Commutative property of intersection 


For any two sets A and B, prove that Ar B- В тА 
Proof: Let xe ANB 


> xe А and xe B (by definition of intersection of sets) 
=> xe В and xe А 

— xe BOA 

2: ANBCBOA (i) 

Now letye BAA 

= ye Bandye A (by definition of intersection of sets) 


> yeAandye B 
= уєАсВ 


Therefore, ВсАсАсВ (11) 
From (1) and (ii), we һауе АПВ =ВПА (by definition of equal sets) 
(c) Associative property of union 


For any three sets A, B and C, prove that (А U B)u CAU (Bu C) 


Proof: let хе (AUB)UC 


=> хе (AUB) or хє С 

= хє А огхеВогхе С 

= xeAorxe BUC 

=> xEAU(BUC) 

> (AVUB)UCCAU(BUCQ) (i) 
Similarly AU(BUC) CA UB)UC (1) 


From (1) and (ii), we have 
(AU B)UC-zAuU(BuUC) 
(d) Associative property of intersection 
For any three sets A, B and C, prove that (А п B)'A С= А т (В п С) 
Proof: Let xe(AnB)nc 
хе (АПВ) and xe С 
(хє A and xe B) and xe C 
хє А and (xe Band e C) 
xeA and xe BOAC 
xEAN(BAC) 
ES (Ас В) С 
Similarly An (Bn C) 
From (1) and (ii), we have 
(АСВУСС-Ас(Во С) 
(е) Distributive property of union over intersection 
For any three sets A, B and С, prove that A U (B с\ C) Z(AU В) (AU C) 
Proof: Let xeAu(BnC) 
хє А or xe BNC 
x€ A or (xe B and xe C) 
(хе A or xe B) and (x e A or xe C) 
xeAuBandxeAUC 
xe (AU B)n(Au C) 
Therefore AU(BNC)C(AUB)N(AUQ) 0) 
Similarly, now let y e (AU B) п (A o C) 
ye (Au B) and y e (Au C) 
(ve Aorye B)and(ye Aory e C) 
yeAor(ye Bandye C) 
yeAorye BNC 
yeAu(BnC) 
(AU В)с (Ач CO) &cAu(BnC) (1) 
From (i) апа (ii), we have AU (B ^ C) = (Au B) r (Au C) 


ууууу 


АП (ВОС) (i) 


c 
c (Ас\В)с\ С (1) 


ууу 


та! 


(0 


(8) 


Proof: 


(1) 


Distributive property of intersection over union 
For any three sets A, B and C, prove that A ^ (BU C) = (An B) (Anm С) 


| Proof: Let xeAn(Bu С) 


= ХЕА апа xe BUC 
= хє А апа (хє В ог хє С) 
= (хєА and xeB) or (хє A and хе C) 
E (xe ANB) Or (xe ANC) 
= xe (Ат B)u(AnC) 
AN(BUC) с (An В) (Ас С) 0) 
Similarly (АПВ) ч (Ас С) c An(BuC) (i) 


From (1) and (11), we have A O (Bu C) = (Ас В) о (Anm C) 
De-Morgan's laws 
For any two sets A and B 


0) (AU В) = А п В! (1) (А В)! = А О В 
Геї хе (А ӘВУ 

= x€AUB (by definition of complement of set) 
= ХЕА and xeB 

= хе А” and хєВ 

= хє A’ OB (by definition of intersection of sets) 
= (AUBY CA OD (i) 
Similarly A’ ^ B’ с (AU BY (ii) 
Using (i) and (ii), we have (A U B) =A’ OB’ 

Let хє (АПВ) 

> xg AAB 

= хеА ог хє В 

= хє A’or хє В’ 

=> хе AUB’ 

= (Ar BY cA^U B^ (1) 
Let ye AUB’ 

> ye A’or ye B’ 

= УЕА огуеВ 

> yEANB 

> ye (ANBY 

= А^ОВ'с (А п В) (1) 


From (1) and (п), we have proved that 
(А ^ BY ZA^o B’ 


E——À EXERCISE 5.2 = 


If а. Y = {0, 2, 4, 6, 8, ---, 20} 
and ez 523.5 9 0115. 17 19.23]. 

then find the following: 

0) Хы (Ү\»7) (11) (XUY)UZ 

(шп) Хо (ор (iv) (XNY)AZ 

(v) XUYOZ) (i (ХОУ) (ХОА) 
(уп) XA(YUZ) (уш) (ХАУ) (Хг 7) 


If A= {1, 2,3, 4, 5, 6}, В = {2,4,6,8}, C={1, 4,8}. 

Prove the following identities: 

(1) АПВ=ВПА (ii) AUB=BUA 
(ш) AN(BUQ=ANBUANYC 

(iv) AU(BNOC=(AUBAAUC) 

If И = {1, 2,3, 4, 5, 6, 7, 8, 9, 10} 

A= {1, 3,5, 7, 9}, B= {2, 3, 5,7}, 

then verify the De-Morgan's Laws 

i.e., (AABY = А’ В’ апа (АЧ В) = А’ В’ 

If И -11,2,3,--,20, X = {1,3,7,9, 15, 18, 20} 

апа Y = {1,3, 5, ---, 17}, then show that 

(i) X-Y-2-XnY (ii) Y-X = YAX 


5.1.2(v) Verify the fundamental properties for given sets: 


(a) 


(b) 


(c) 


A and B are any two subsets of U, then A U B = B UA (commutative law). 
For example A = {1, 3, 5, 7} and B = {2, 3, 5, 7} 

then AUB={I1, 3, 5, 7} U {2, 3, 5, 7} = {1, 2,3, 5,7} 

and BUA= {2, 3, 5, 7} O {1, 3, 5, 7} = (1, 2, 3, 5, 7} 

Hence, verified that A UB=BUA. 

Commutative property of intersection 

For example A = (1, 3, 5, 7) and В = [2, 3, 5, 7} 

Then AN B= {1, 3, 5, 7} A {2, 3, 5, 7} = {3, 5, 7} 

and ВА = {2, 3,5, 7} п {1, 3, 5,7} = (3, 5, 7} 

Hence, verified that A с\ В = В AA. 

If A, B and C are the subsets of U, then (А UB) UC=A U(BUC). 
(Associative law) 

Suppose А = {1,2,4,8}; В = {2,4,6} 

апа С = {3,4,5, 6} 


= (АВ) С 
= ({1, 2, 4, 8} U £2, 4, 6}) U {3,4,5,6} 
= {1, 2,4, 6, 8} U {3, 4, 5, 6} 
= {1,2, 3,4, 5, 6, 8} 
and R.H.S. = AU(BuC) 
= {1,2,4,8} U({2, 4, 6} U {3, 4, 5, 6}) 
= {1, 2,4, 8} U {2, 3, 4, 5, 6} 
= {1, 2, 3, 4, 5, 6, 8} 
L.H.S. = R.H.S. 
Hence, union of sets is associative. 
(d) If A, B and C are the subsets of U, then (A NB) NC=A п (В п С) 
(Associative Law). 
Suppose A = {1,2,4,8}; B = {2,4, 6} and C= {3, 4, 5, 6} 
then Т.Н.5. = ANB)AC 
= ({1, 2, 4, 8} п {2, 4, 6}) п {3, 4, 5, 6} 
= {2,4} п {3, 4,5, 6} = {4} 
and R.H.S. = Ап (Вл С) 
= {1, 2,4, 8} п ({2, 4, 6} п {3, 4, 5, 6}) 
{1, 2, 4, 8} п {4, 6} = {4} 
L.H.S. = В.Н.5. 
Hence, intersection of sets is associative. 


Distributive laws 
(e) Union is distributive over intersection of sets 
If A, B and C are the subsets of universal set U, then AU(B A С) = (A U Ву (А u C). 
Solution: Suppose = {1, 2, 4, 8}, В = (2,4, 6} and = (3, 4, 5, 6} 
then L.H.S = AU(BOC) 
= {1,2, 4, 8} UC{2, 4, 6} A {3, 4, 5, 6}) 
= {1,2, 4, 8} U {4, 6} = {1, 2, 4, 6, 8} 
and R.H.S = (А о B) r^ (Au C) 
= (11, 2, 4, 8} U {2, 4, 6}) п ({1,2, 4, 8} U (34, 5, 6}) 
= {1,2, 4,6, 8} п {1, 2, 3, 4, 5, 6, 8} 
= {1, 2, 4, 6, 8} 
L.H.S = R.H.S 


(8) 


Intersection is distributive over union of sets 


To prove А ^ (Bu C) = (А с\ В) О (An C) 


Suppose A 
B 
Q 
L.H.S. = AN(BUC) 


= {1,2,3,4,5, 5,20 ({э5, 10, 15, 20, 25,30} \) £3, 9, 15, 21, 27, 334 


{1, 2, 3, 4, 22 NES 20} 
(5, 10, 15, 20, 25,30) 
(3, 9, 15, 21, 27, 33} 


= (1,2,3,4,5, ..., 20} A (3, 5, 9, 10, 15, 20, 21, 25, 27, 30, 33} 
= {3, 5, 9, 10, 15, 20} 
= (AnB)u(AnC) 


R.H.S. 


L.H.S. 


De Morgan's Laws (A A B) = A’ UB’ and (AU B =A АВ” 
Suppose 


({1, 2, 3,4, - 


=, 20] 245, 10, 15, 20, 25, 30) 


u ({1, 2,3, 4, 5, 9 20} A {3, 9, 15, 21, 27, 339 
= (5, 10, 15, 20} u (3, 9, 15} = (3, 5, 9, 10, 15, 20) 


=R.H.S. 


А= {2, 
В= {1, 


Now consider А A B 


Then 


and 


L.H.S. 


R.H.S. 


L.H.S. 


(А о Ву = А АВ” 


биррозе 


О= {1, 
А = {2, 
В= {1, 


Now consider А U B 


and 


L.H.S. 


R.H.S = Аъ В’ 


L.H.S. 


U-(1, 


2,3,4,--,10) 

4, 6, 8, 10} > A’= 11,3,5,7,9) 
2, 3,4,5,6} = В’ = {7, 8, 9, 10} 
= {2, 4, 6, 8, 10} с {1,2, 3, 4, 5, 6} 
= {2, 4, 6} 

= АПВ’ = U-(ANB) 

112.34 =, 10} — {2,4,6} 
11, 3, 5, 7, 8, 9, 10} 

= АОВ’ 

= 11,3, 5,7,9} O {7, 8, 9, 10} 

= {1,3,5, 7, 8, 9, 10} 

= R.HS. 


, 3, 4, с, 10} 


2, 4, 6, 8, 10} U (1,2, 3, 4, 5, 6} 
1, 2,3 
) 


= {1, 3,5, 7,91 A {7, 8, 9,10} 
= {7,9} 
= RHS. 


{5.1.3 УЕММ ШАСВАМ 


British mathematician John Venn (1834 - 1923) introduced rectangle for a universal set (/ 
and its subsets A and B as closed figures inside this rectangle. 


5.1.3(vi) Use Venn diagrams to represent: 
(a) Union and intersection of sets 


Disjoint sets Overlapping sets 


A 
A 
Fig. 4 Fig. 5 
(Regions shown by horizontal line segments in figures 1 to 6.) 
(b) Complement of a set 


U — A = A^is shown by horizontal line segments. 


5.1.3 (vii) Use Venn diagram to verify: 
(a) Commutative law for union and intersection of sets 


A U B is shown by horizontal line B UA is shown by vertical line 
segments. segments. 


The regions shown in both cases are equal. Thus AU B =B UA. 


Sets and Functions 


A r^ B is shown by horizontal line segments. В r3 Ais shown by vertical line segments. 
The regions shown in both cases are equal. Thus АПВ = В МА. 


(b) De Morgan's laws 
0) (AU BY = Аъ В” (ii) (Ar^ BY A^o B’ 


0) (A U BY 2 A/^ В” 


Fig. 3: A^ B’is shown by squares Fig. 4: (A U B)' is shown by m line 
segments 


Regions shown in Fig. 3 and Fig. 4 are equal. 
Thus (A U B) = Аъ В” 
(ii) (AB) =A’U В? 


А! 


(A ^ BY о $ 


Fig. 5: A^u В 715 shown by squares, horizontal Fig. 6: U — (А A B) = (А A BY is shown by 
and vertical line segments. shading. 


9 5) Mathematics 10 


Regions shown in Fig. 5 and Fig. 6 are equal. 
Thus (ANB) =A’UB’ 
(c) Associative law: 


Fig. 1 Fig. 2 
(A U В) U Cis shown AU (BUC) is shown 
in the above figure. in the above figure. 


Regions shown in fig. 1 and fig. 2 by different ways are equal. 
Thus (AUB)UC =AU(BUC) 


SUUM 


(6 


Fig. 3 Fig. 4 
(A A B) A Cis shown in figure 3 by double A A (B A С) 15 shown in figure 4 by double 
crossing line segments crossing line segments 


Regions shown in Fig. 3 and fig. 4 are equal. 
Thus (ANB)NC=AN(BNO) 
(d) Distributive law: 


Fig. 1: AU (B A C) is shown by horizontal Fig. 2: A U B is shown by horizontal line 
line segments in the above figure. segments in the above figure. 


Sets and Functions 


Fig. 3: A C is shown by vertical line Fig. 4: (A В) A (A U C) is shown by 
segments in Fig. 3. double crossing line segments in Fig. 4. 


Regions shown in Fig. 1 and Fig. 4 are equal. 
Thus Au(BnmC)-(AuB)n(Au C) 
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@ 


Fig. 5: B U C is shown by vertical line Fig. 6: Ar^ (B o C) is shown in Fig. 6 by 
segments in Fig. 5. vertical line segments. 


Fig. 7: (А A B) О (A A C) is shown in 
Fig. 7 by slanting line segments. 


Regions displayed in Fig. 6 and Fig. 7 are equal. 
Thus Anm(BwuC)-(AnOB)u(AnC) 


Mathematics 10 


E EXERCISE 5.3 = 


If И = (1,2, 3,4, ..., 10} 
мш Т зк у 
В - (1,4,7,10), 

then verify the following questions. 


(i) | A-B-2AnE (ji) | B-A-BnA 
Gi)  (AUBY =A NAB (уу  (AnBY-A'UE 
(у) (A-BY =A’UB (vi) (B-AY = В ОА 


2. If И = {1,2, 3, 4, ..., 10} 
А = {1,3,5,7,9}; В = {1,4,7, 10}; С = {1, 5, 8, 10} 
then verify the following: 
(1) (AUB)UC=AU(BUC) 
(ii) (ANB)AC = An (Bn C) 
ап) АӘ(ВоС) = (AYB) (АОС) 
(У)  AnmO(BuC) = (An B)u(AnC) 
3. If U- №; then verify De-Morgan's laws by using А = and B = Р. 
IfU = 11,2,3,4,--,10), А = {1,3,5,7, 9} and В = {2, 3, 4, 5, 8}, then prove 
the following questions by Уепп diagram: 


i | A-B-2AnB (i) В-А=ВОА’ 
Gi) (AUBY = АСВ (у) (Ат Ву = А’ ОВ 
(v) (A-BY = А" ОВ (i) (В-АУ-ВОА 


5.1.4 (viii) Ordered pairs and Cartesian product: 
5.1.4(a) Ordered pairs: 

Any two numbers x and y, written in the form (x, y) is called an ordered pair. In an 
ordered pair (x, y), the order of numbers is important, that 18, x is the first co-ordinate and y 18 
the second co-ordinate. For example, (3, 2) is different from (2, 3). 

It is obvious that (x, y) # (y, x) unless x = y. 

Note that (x, у) = (5,0, iff x s and у-і 


5.1.4) Cartesian product: 
Cartesian product of two non-empty sets A and B denoted by A x B consists of all 

ordered pairs (x, y) such that x e A and y e В. 

GENIE If A = (1, 2, 3} and = (2, 5}, then find A x B and Bx A. 

Єл xB = {(1, 2), (1, 5), (2, 2), (2, 5), (3, 2), (3, 5)} 

Since set А has 3 elements апа set В has 2 elements. 

Hence product set A x B has 3 x 2 = 6 ordered pairs. 

We note that BxA = {(2, 1), (2, 2), (2, 3), (5, 1), (5, 2), (5, 3)} 

Evidently Ax B + ВХА. 


Е--ШЕХЕКС18Е5.4 -5 
1. If A= (a, b) and B = (c, d}, then find A x B and Bx A. 
2. If = {0,2,4}, В = {-1, 3}, tenfindAx B, ВХА, АХА, BxB 
3. Find a and b, if 

0) (a-4,b-2) = (2,1) (ii) (2а+ 5, 3) = (7, b- 4) 

(iii) (3 2a, b- 1) = (a- 7, 2b + 5) 
4. Find the sets X and Y, if X x Y = ((a, a), (b, a), (c, a), (d, а)) 
5. If X- (a, b, c) and Y= (d, e}, then find the number of elements іп 

0) XxY (ii) ҮхХ (и) XxX 
5.2 Binary relation 

If A and B are any two non-empty sets, then a subset R C A ХВ is called binary 
relation from set A into set В, because there exists some relationship between first and 
second element of each ordered pair in R. 

Domain of relation denoted by Dom R is the set consisting of all the first elements 
of each ordered pair in the relation. 

Range of relation denoted by Rang R is the set consisting of all the second elements 
of each ordered pair in the relation. 


Г Example 1: suppose А = {2, 3, 4, 5} and B= {2, 4, 6, 8} 
Form a relation R : A > В = (x К y such that у = 2x for x А, ye В) 
> R= {(2, 4), (3, 6), (4, 8)} 
Dom R = {2, 3, 4} с A and Rang R = {4, 6, 8} c B. 
ФТТ Suppose A = {1, 2, 3, 4} and = {1, 2, 3, 5} 
Form а relation А: А >В = {xR y such that x + y = 6 for x € A, ye В) 
> К = (0,5), (3, 3), (4, 2)} 
Dom R = {1, 3, 4} CA and Rang = {2, 3,5} CB 
5.3 Function or Mapping: 
5.3. (i) Suppose A and В are two non-empty sets, then relation Ё: A > В is called a function 
if (1) Dom f= A (ii) every x € A appears in one and only one ordered pair in f. 
Alternate Definition: 
Suppose A and В are two non-empty sets, then relation Ё: A — В is called a function 
if (i) Dom f= A (ii) V хе A we can associate some unique image element у=Дх)Е B. 
Domain, Co-domain and Range of Function: 
If f: A — В is a function, then A is called the domain of f and В is called the 
co-domain of f. 


Domain f is the set consisting of all first elements of each ordered pair in f and range 
fis the set consisting of all second elements of each ordered pair in f. 


(TN Suppose | А-1(0,1,2,3)ал4 B= {1, 2, 3, 4, 5} 
Define a function f: А >> B 
f={@yly=x+1VxeA,ye B} 
f = 10,1), 0, 2), (2, 3), (3, 4)} 
Dom f ={0,1,2,3}=A 
Rang f={1,2,3,4} cB. 


The following are the examples of relations but not functions. 
g is not a function, because an element a € A has two images in set B 


and h is not a function because an element d € A has no image in set B. 
h 


Set A Set B Set A Set B 
5.3(ii) Demonstrate the following: 
(a) Into function: 

A function f: A — В is called an 
into function, if at least one element in B is 
not an image of some element of set A i.e., 
Range of f C set В. 

For example, we define a function 
f: А — B such that 

f={@, D, 0,1, (2,3), (3, 2)} 
where A = {0, 1, 2,3} and = (1,2, 3, 4} Set A Set B 

fis an into function. 
(b) One-one function: 

A function f : А > В is called one-one function, if all distinct elements of A have 
distinct images in В, i.e., хі) = 0) > x =x. EA or УхжхоевА = f(x) + 60) 


For example, if A = (0, 1,2,3} 
and В = (1, 2, 3, 4, 5}, then we define а 
function f: A — B such that 
f={@y)ly=x+1,VxeA,yve B}. 


= ((0, 1,), (1, 2), (2, 3), (3, 4)} 
fis one-one function. 


(c) Into and one-one function: (injective function) 

The function f discussed in (b) is also an into function. Thus f is an into and one-one 
function. 

(d) An onto or surjective function: 

A function f : A B is called an f 
onto function, if every element of set B 
is an image of at least one element of set E 
A i.e., Range of f= B. ; 

For example, if A - (0, 1,2,3} мг. 
and В = (1, 2, 3}, then f : A > В such == 
that f = ((0, 1), (1, 2), (2, 3), (3, 2)}. pea = | 
Here Rang f= {1,2,3} = B. 

Thus f so defined is an onto { 
function. Set A Set B 
(e) Bijective function or one to one correspondence: 

A function f : А — B is called 
bijective function iff function f is one- 
one and onto. 

For example, if A = (1, 2, 3, 4) 
and В = (2, 3, 4, 5} 

We define a function /: А > B 
such that 
f-(QGylyex-L УхЕ А, уЕ В} 
Then f= {(1, 2), (2, 3), (3, 4), (4, 5)} 

Evidently this function is one-one because distinct elements of A have distinct 


images in B. This is an onto function also because every element of B is the image of atleast 
one element of A. 


Suppose А = (1,2,3) 
В = {1,2,3,4,5,6} 
We define a function f: A >В = ((х,у)іу-2х, Vxe A,ye В} 
Then f= {(1, 2), (2, 4), (3, 0] 
Evidently this function is one-one but not an onto 


f 


5.3(iii) Examine whether a given relation is a function: 


A relation in which each x є its domain, has a unique image in its range, is a 
function. 
5.3(iv) Differentiate between one-to-one correspondence and one-one function: 

A function f from set A to set B is one-one if distinct elements of A has distinct 
images in В. The domain of fis A and its range is contained in В. 

In one-to-one correspondence between two sets A and B, each element of either set is 
assigned with exactly one element of the other set. If the sets A and B are finite, then these 
sets have the same number of elements, that 1s, n(A) = n(D). 


= EXERCISE 5.5 = 
If L= {a,b,c}, М = {3,4}, then find two binary relations of L x M and M x L. 


2. If Y= {-2, 1, 2}, then make two binary relations for Y x Y. Also find their domain 
and range. 

3. If L= (a, b, с} and М = (d, e, f, g}, then find two binary relations in each: 
0) LxL (1) LxM (іі) MxM 

. If set M has 5 elements, then find the number of binary relations in M. 

5. If L2(xIixe М лх<5), М = {ylye P ^ y< 10}, then make the following 
relations from L to M 
(i) Кі = {@y)ly<x} (17 ЖК,-((оу)іу-х) 
ап) А = fo y) lxt+y=6} Qv) А = ((, у)1у-х= 2) 


Also write the domain and range of each relation. 


6. Indicate relations, into function, one-one function, onto function, and bijective 
function from the following. Also find their domain and the range. 


(1) 


(iii) 


(iv) 


(v) 


= {(1, 2), (2, 1), (3, 4), (3, 5)} 
(i) R, = {(b, a), (c, a), (d, a} 
Gv) А = {(1, 1), С, 3), (3, 4), (4, 3), (5, 4} 
(v) Rs = ((a, D), (Б, а), (с, d), (а, e)} 
(i) Re = {(1, 2), (2, 3), (1,3), (3, 4)) 


vi) R= | 


(уш) R= | 


MISCELLANEOUS EXERCISE - 5 


Multiple Choice Questions 
Four possible answers are given for the following questions. Tick mark (У) the | 
correct answer. 


A collection of well-defined objects is called 


(a) subset (b) power set 
(c) ве (d) none of these 


A set О = HIR Z^ b «0 | is called a set of 


(a) | Whole numbers (b) Natural numbers 
(c) Irrational numbers (d) | Rational numbers 
The different number of ways to describe a set are 


(a) 1 (6) 2 

(c) 3 (d 4 

A set with no element 18 called 

(a)  Subset (b Empty set 
(c) Singleton set (d) | Super set 
The set (xIxe W лх< 101} is 

(a) Infinite set (b)  Subset 


(c) Null set (d) Finite set 


(vii) 


(viii) 


(ix) 


(х) 


(хі) 


(xii) 


(xiii) 


(xiv) 


(xv) 


(xvi) 


(xvil) 


(хуш) 


The set having only one element is called 


(a) Null set (b) Power set 
(c) Singleton set (d) Subset 
Power set of an empty set is 

(a 0 (6) {а} 

(с) (0 {а} ( {д} 

The number of elements in power set {1, 2, 3} is 

(а) 4 (D 6 

(с) 8 (d 9 

If АСВ, then A U B is equal to 

(a) A (b B 

(<) 9 (d) попе of these 
If A CB, then А A В is equal to 

(a) A (b В 

(c) 9 (d) none of these 
If A C B, then A — B is equal to 

(a) A (b В 

(c) 0 (d В-А 

(A U B) U C is equal to 

(а) AN(BUC) (D (AUB)NC 
(с) AuU(BuC) (d Аг‹(Вс с) 
A U (B A C) is equal to 

(a | (AU B)n(AuC) (D AN(BAC) 
(с) (AmOB)u(AnmCQ) (d AU(BUOC) 
If A and B are disjoint sets, then А U В is equal to 

(a А (b В 

(co) @ (d BUA 


If number of elements in set A is 3 and in set B is 4, then number of elements in 
AxBis 

(a 3 (D 4 

(c) 12 (4) 7 

If number of elements іп set А is 3 and in set В is 2, then number of binary relations 
inAxBis 


(а) 2 (b) 2 

(c) 2 (4) 2 

The domain of R = ((0, 2), (2, 3), (3, 3), (3, 4)} is 

(а) {0,3,4} (b {0,2,3} 
(c) {0,2,4} (d {2,3,4} 
The range of R = {(1, 3), (2, 2), (3, 1), (4, 4)} is 

(а) (1,2,4) (D {3,2,4} 
(с) 11,2,3,4) (4) | 


Point (-1, 4) lies in the quadrant 


(а) 1 (b II 

(c) Ш (9) IV 
The relation ((1, 2), (2, 3), (3, 3), (3, 4)} is 

(a) onto function (b) into function 

(c) nota function (d) one-one function 


Write short answers of the following questions. 
Define a subset and give one example. 

Write all the subsets of the set (a, b} 

Show A A B by Venn diagram. When A c B 


Show by Venn diagram A A (BU С). 
Define intersection of two sets. 
Define a function. 

Define one-one function. 

Define an onto function. 

Define a bijective function. 

Write De Morgan's laws. 

Fill in the blanks 

If Ac B,thenAU B- 

If AM В = $then A and B are 

If Ac Band BCA then _ 
AQN(BUQ)=_ 
A U (B A С)= 
The complement of U is 


The complement of 018. 


ANA = 

АЧА = : 

The set (x! x e A and x В} = a 

The point (—5, —7) lies in quadrant. 

The point (4, —6) lies in . quadrant. 

The у co-ordinate of every point is — — on-x-axis. 
Тһе x co-ordinate of every pointis  оп-у-аліз. 


The domain of {(a, b), (b, c), (c, d)) is... 
The range of ((a, а), (b, b), (c, c)} is... 

Venn-diagram was first used by : 
A subset of A ХА is called the іп А. 


If f: A — B and range of f= B, then fis ап __ function. 


The relation ((a, D), (b, c), (a, d)} is a function. 


тээ" SUMMARY = 


А set is the well defined collection of objects with some common properties. 


Union of two sets A and B denoted by A U В is the set containing elements which 
either belong to A or to B or to both. 


Intersection of two sets А and B denoted by A A B is the set of common elements of 
both A and B. In symbols A A B = (x! x e A and x e В}. 


The set difference of B and A denoted by B — A is the set of all those elements of B 
which do not belong to A. 


Complement of а set А w.r.t. universal set U denoted by A^ = A’ = U — A contains 
all those elements of U which do not belong to A. 


British mathematician John Venn (1834 — 1923) introduced rectangle for a universal 
set U and its subsets А and B as closed figures inside this rectangle. 


An ordered pair of elements is written according to a specific order for which the 
order of elements is strictly maintained. 


Cartesian product of two non-empty sets A and B denoted by A x B consists of all 
ordered pairs (х, y) such that x є A, y e В. 


If A and B are any two non-empty sets, then a non empty subset R c A x B is called 
binary relation from set A into set B. 


If A and B are two non empty sets, then relation f : A — В is called a function if (1) 
Dom f = set A (ii) every x Е A appears in one and only one ordered pair e f. 


Dom f is the set consisting of all first elements of each ordered pair е f and Rang of 
f is the set consisting of all second elements of each ordered pair є f. 


A function f : A > B is called an into function if at least one element in B is not an 
image of some element of set A i.e., range of f c B. 


A function f : A B is called an onto function if every element of set B is an image 
of at least one element of set A i.e., range of = B. 


A function f : А — В is called one-one function if all distinct elements of A have 
distinct images in B 


A function f : A B is called bijective function iff function f is one-one and onto. 
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In this unit, students will learn how to 


construct grouped frequency table. 

construct histograms with equal and unequal class intervals. 

construct a frequency polygon. 

construct a cumulative frequency table. 

draw a cumulative frequency polygon. 

calculate (for ungrouped and grouped data) 

e arithmetic mean by definition and using deviations from assumed 
mean. 

calculate median, mode, geometric mean, harmonic mean. 

recognize properties of arithmetic mean. 

calculate weighted mean and moving averages. 

estimate median, quartiles and mode graphically. 

measure range, variance and standard deviation. 
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6.1 Frequency Distribution 


A frequency distribution is a tabular arrangement for classifying data into different 
groups and the number of observations falling in each group corresponds to the respective 
group. The data presented in the form of frequency distribution is called Grouped Data. 
Hence a frequency distribution is a method to summarize data. 


6.11) Construction of Frequency Table 

On the basis of types of variable or data, there are two types of frequency 

distribution. These are: 

(a) Discrete Frequency Distribution. 

(b) Continuous Frequency Distribution. 

(a) Discrete Frequency Table 

Following steps are involved in making of a discrete frequency distribution: 

(1) Find the minimum and maximum observation in the data and write the 
values of the variable in the variable column from minimum to the 
maximum. 

(ii) Record the observations by using tally marks. (Vertical bar 47) 

(iii) ^ Count the tally and write down the frequency in the frequency column. 

Five coins are tossed 20 times and the number of heads recorded at each toss are 
given below: 3, 4, 2, 3, 3, 5, 2, 2, 2, 1, 1, 2, 1, 4, 2, 2, 3, 3, 4, 2. 


Make frequency distribution of the number of heads observed. 


51011110: Let X = Number of Heads. The frequency distribution is given below: 


| Frequency distribution of number of heads | 
Tally Marks 
3 


(b) Continuous Frequency Table 

The making of continuous frequency distribution involves the following steps: 

() Find the Range, where Range = Xmax — Xmin (the difference between 
maximum and minimum observations). 

(ii) Decide about the number of groups (denote it by К) into which the data is to 
be classified (usually an integer between 5 and 20). Usually it depends upon 
the range. The larger the range the more the number of groups. 

(iii) Determine the size of class (denote by Л) by using the formula: 


R 
hz == (Use formula when “Р” is not given) 


Note: The rule of approximation is relaxed in determining h. For example, h = 7.1 
or h = 7.9 may be taken as 8. 


Start writing the classes or groups of the frequency distribution usually le 
starting from the minimum observation and keeping in view the size of а. 
с1а88. 
(у) Record the observations from the data by using tally marks. | 
(vi) Count the number of tally marks and record them in the frequency column 

for each class. 
[ Example 2: 3813 following are the marks obtained by 40 students in mathematics of class X. 


Make a frequency distribution with a class interval of size 10. 

51, 55, 32, 41, 22, 30, 35, 53, 30, 60, 59, 15, 7, 18, 40, 49, 40, 25, 14, 18,19, 2, 43, 
22, 39, 26, 34, 19, 10, 17, 47, 38, 13, 30, 34, 54, 10, 21, 51, 52. | 
ЛОО Let X = marks of a student. 

From the above data we have Худ = 2, Xmax = 60. It is given that Л = 10. We сап 
either start from 2 or the nearest smallest integer 0 for our convenience. There are two ways. 
to make frequency distribution. 


1 fu 


(a) We may write the actual observations falling in the respective groups. This is given| 


as follows: 
Classes/Groups Observations Frequenc 
2,7 2 
10--- 19 10, 10, 13, 14, 15, 17, 18, 18, 19, 19 10 


Wesce аЛ 222 0223.26 


ЇЇ ИЕКТЕН To. me 1 | 


(0) Use tally marks for recording each observation in the respective group. This is given. 
in the following table: 


Tall Чин 


6--ө | ıl | І 
ИСТО ПО СООО 


Note: Тһе solution (b) is usually adopted to construct a frequency distribution. 
Concepts involved in a Continuous frequency table: 
The following terms are frequently used in a continuous frequency distribution: 


(а) Class Limits: The minimum апа the maximum values defined for a class or 
group are called Class limits. The minimum value is called the lower class limit and the 
maximum value is called the upper class limit of that class. In example 2, the lower class 
limits are 0, 10, 20, 30 etc., while the upper class limits are 9, 19, 29, 39 etc. 

(b) Class Boundaries: As a continuous frequency distribution is based on 
measurable characteristic variable which involves the rule of approximation to record any 
observation. From example 2, some class boundaries are given below: 


| Classlimits | Class Boundaries | 
| 0---9 —0.5 —— 9.5 
10--- 19 9,5--- 19.5 
200) == 2% 19,5 === 205) 


Hence referring to example 2, we may say that the real lower class limit of 10 is 9.5, 
as all values between 9.5 and 10.49 are recorded as 10. While the upper class limit of 19 is 
19.5 as all values between 18.5 and 19.5 are recorded as 19. The real class limits of a class 
are called class boundaries. A class boundary is obtained by adding two successive class 
limits and dividing the sum by 2. The value so obtained is taken as upper class boundary 
for the previous class and lower class boundary for the next class. 

(c) Midpoint or Class Mark: For a given class the average of that class obtained by 
dividing the sum of upper and lower class limits by 2, is called the midpoint or class mark 
of that class. 

(d) Cumulative Frequency: The total of frequency up to an upper class limit or 
boundary is called the cumulative frequency. 

The above concepts have been explained with reference to Example 2 below: 


| 19611115 S9 Compute class boundaries, class marks and cumulative frequency for data of 
example 2. 


| Computation follows, 


Class limits Class Midpoint/ Freauenc Cumulative 
Boundaries Class mark Ч у —- quenc 


=(5 === ®5 
I e |) ©) 5 === 95 


| 20 === 29 | 19.5 e ES 


302202 2 0207Тт 221 


9 
40--- 49 39,3 == 49.3 | : | 6 | 26 + б=32 | 
| 5) —— 5) | do 595 - 


602—109 39:3 —69:3 


6.11) Construction of Histograms 
Histogram 

A Histogram is a graph of adjacent rectangles constructed on XY-plane. It is a graph 
of frequency distribution. In practice both discrete and continuous frequency distributions are 
represented by means of histogram. However there is a little difference in the construction 
procedure. We explain this with the help of examples. 
Equal Intervals Histogram: 
Г Example ӘМаке a Histogram of the following distribution of the number of heads when 5 
coins were tossed. 


X (number of heads) | Frequency 


We proceed as follows, 
Step 1: Mark the values of variable X along x-axis using a suitable interval. 


Step 2: Mark the frequency along y-axis using a suitable scale. 


Step 3: At each interval make a rectangle of height corresponding to the respective 
frequency of values of the variable X. 


The resulting Histogram is given below: 


scales= 1 
all scales= 1 


Frequency 


O D i 2 3 а 5 6 
No. of Heads 


19.5 — 29.5 
[ОЕ 1 | 


Since this is a continuous frequency distribution so we proceed as follows: 


(a) Mark the class boundaries along x-axis using a suitable scale. 
(b) Mark the frequency along y-axis using a suitable scale. 


(c) At each class interval construct a rectangle of height corresponding to the 
frequency of that group. 


Histogram 


Frequency 


05 95 195 295 305 495 595 
Class Boundaries (Marks) 


Note: Оп graphs above 0 and -0.5 are written on positive side of x-axis just to better 
understand the histogram. 
Unequal Intervals Histogram 
If the class intervals are un-equal, the frequency must be adjusted by dividing each 
class frequency on its class interval size. If the interval becomes double, then frequency is 
divided by 2, so that the area of the bar is in proportion to the areas of other bars etc. 
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As the class intervals are unequal the height of each rectangle cannot be made 
equal to the frequency. Therefore, we obtain proportional heights by dividing each frequency 
with class interval size. This is shown in the following table: 


193 2243 
245 === 2955, 
209.2395 
395 =S 
44.5 —— 49.5 
49.5 == 5435 
5423-0015 


Proportional 
Heights 
125020 
2+5= 04 
26 + 10 = 2.6 
22+5=44 
20+5=4.0 
15+5=3.0 
14-10-14 


Class-Boundaries 


6.1(iii) Construction of Frequency Polygon 
A Frequency Polygon is a many sided closed figure. Its construction is explained by 
the following example: 
19011113 (23 For the following data make a Frequency idem 


Class limits Class Boundaries шалан 


| 10—19 | BEST 


20-29 | 195—295 
29.5—39.5 9 
39.5 —49.5 6 
| 495—595 —— 
60—69 59.5—69.5 —— 


| 


Step 1. Take two additional groups with the same class interval size. One before the very 
first group and the second after the very last group. Also calculate midpoints for 
these two groups. These groups will have frequency ‘0’. 


ЕЕ Class limits Class Boundaries гт Frequency | 


Step 2. Calculate class marks ог midpoints for the given distribution. 


| Midpoints / Class marks Frequency | 
4.5 0 | 


| 74.5 0 | 


Step 3. Mark midpoints at x-axis and frequency along y-axis using appropriate scale. 


Step 4. Plot a point against the frequency for each of the corresponding midpoint/class mark. 


Step 5. Join all the points by means of line segments. 
10 


Frequency 
(өл! 


> 


4.5 14.5 24.5 34.5 44.5 54.5 64.5 74.5 
Midpoints/Class Marks 
6.2 Cumulative Frequency Distribution 


6.2() Construction of Cumulative Frequency Table 

A table showing cumulative frequencies against upper class boundaries is called a 
cumulative frequency distribution. It is also called a less than cumulative frequency | 
distribution. 


15:617110 B Construct a cumulative frequency distribution for the following data. 
Classes | 20-24 | 25-29 | 30-34 | 35-39 | 40-44 | 45-49 | 50-54 
Frequency 1 2 | ж 22 20 15 | 14 | 

The cumulative frequency distribution is constructed below: 


Class Frequency Cumulative Class 
Boundaries - Frequenc Boundaries 


Cumulative 
Frequenc 


10.5 — 19.5 Less than 19.5 0 

19.5 — 24.5 1 (22123 Less than 24.5 1 | 
| 245--295| 2 | 14223 | Lessthan29.5 | 3 | 
29.5 — 34.5 26 3+26=29 | Less than 34.5 29 
екш кшш шш 1020 
39.5— 44.5 51+20=71 Less than 44.5 

ЕСЕКТІ is nues usta 86 


86 + 14 = 100 Less than 54.5 


49.5 — 54.5 


6.2(i) Drawing of Cumulative Frequency Polygon ог Ogive 
A cumulative frequency polygon or ogive is a graph of less than cumulative 

frequency distribution. It involves the following steps: 

Step 1. Mark the class boundaries on x-axis and frequency (cumulative) on y-axis. 

Step 2. Plot the points for the given frequencies corresponding to the upper class boundaries. 

Step 3. Join the points by means of line segments. 

Step 4. Drop perpendicular from the last point to x-axis to make a closed figure. 

Construct a cumulative frequency polygon for the given data. 


і 


0-0 | 8 | 
TEE 


First we add one group before the first group. Then we make the class boundaries 
and also calculate the cumulative frequencies. 


Class limits Class Boundaries Frequency Cumulative frequency 


13—15 Ie 5:5 14 +3 = 17 


Now we write the above frequency distribution in the form of Less than cumulative 
distribution as given below: 


Class Boundaries 1 | p frequency d 
Less than 3.5 


CIIM NET ERU 
Estes f e 


Less than 12.5 


Less than 15.5 


The Cumulative frequency polygon follows: 


20 


EM 
сл 


Frequency 
2 


0.5 3.5 6.5 9.5 12.5 15.5 
Class Boundaries 


= EXERCISE 6.1 = 


The following data shows the number of members in various families. Construct 
frequency distribution. Also find cumulative frequencies. 

9, 11, 4, 5, 6, 8, 4, 3, 7, 8, 5, 5, 8, 3, 4, 9,12, 8, 9, 10,6, 7, 7, 11,4, 4, 8,4, 3, 2, 7, 9, 
10, 9, 7, 6, 9, 5, 7. 

The following data has been obtained after weighing 40 students of class V. Make a 
frequency distribution taking class interval size as 5. Also find the class boundaries 
and midpoints. 

34, 26, 33, 32, 24, 21, 37, 40, 41, 28, 28, 31, 33, 34, 37, 23, 27, 31, 31, 36, 29, 35, 
36, 37, 38, 22, 27, 28, 29, 31, 35, 35, 40, 21, 32, 33, 27, 29, 30, 23. 

Also make a less than cumulative frequency distribution. (Hint: Make classes 
20—24, 25—29.....). 

From the following data representing the salaries of 30 teachers of а school .Make а 
frequency distribution taking class interval size of Rs.100, 450, 500, 550, 580, 670, 
1200,1150, 1120, 950, 1130, 1230, 890, 780, 760, 670, 880, 890, 1050, 980, 970, 
1020, 1130, 1220, 760, 690, 710, 750, 1120, 760, 1240. 

(Hint: Make classes 450—549, 550—649,.....). 

The following data shows the daily load shedding duration in hours in 30 localities of 
a certain city. Make a frequency distribution of the load shedding duration taking 2 
hours as class interval size and answer the following questions. 

6, 12, 5, 7, 8, 3, 6, 7, 102, 14, 11, 12, 8, 6, 8, 9, 7, 11, 6, 9, 12, 13, 10, 14, 7, 6, 10, 
11, 14, 12. 

(a) 


Find the most frequent load shedding hours? 


(b) Find the least load shedding intervals? 
(Hint: Make classes 2—3, 4—5, 6—7....) 


5: Construct a Histogram and frequency Polygon for the following data showing 
weights of students in kg. 


6.3 Measures of Central Tendency 


Introduction 


The purpose of frequency distribution and graphical techniques is to view, 
summarize and understand different aspects of data in a simple manner. But we are also 
interested to find a ‘representative’ of the data under study. In other words to determine a 
specific value of the variable around which the majority of the observations tend to 
concentrate. This representative shows the tendency or behavior of the distribution of the 
variable under study. This value is called average or the central value. The measures or 
techniques that are used to determine this central value are called Measures of Central 
Tendency. The following measures of central tendency will be discussed in this section: 


1. Arithmetic mean 2 Median 
3. Mode 4. Geometric mean 
5. Harmonic mean 6. Quartiles 


АП these measures are used under different situations depending upon the nature of 
the data. 


6.3(i-a) Arithmetic Mean 


Arithmetic Mean (or simply called Mean) is a measure that determines a value 
(observation) of the variable under study by dividing the sum of all values (observations) of 


the variable by their number of observations. We denote Arithmetic mean by X . In symbols 
we define: 


| : : ЕЕ Sum of ай values of observation 
Arithmetic mean of n observations X — 2х = м ээг 
п No. of obsrvation 


Computation of Arithmetic Mean 

There are two types of data, ungrouped and grouped. We, therefore have different 
methods to determine Mean for the two types of data. These are explained with the help of 
examples. 


Ungrouped Data 
For ungrouped data we use three approaches to find mean. These are as follows. 
(i) Direct Method (By Definition) 
The formula under this method is given by: 
— ХХ Sum ofall observations 
= n No. of observations 


JO CIUS The marks of seven students in Mathematics are as follows. Calculate the 
Arithmetic Mean and interpret the result. 


Student No 
60 


КОТ Let X = marks of a student 


z- „үздү ub +X, 
n 7 
- 45+60+74+58+ 65+ 63+49 414 
ог X= 7 =F = 59.14 marks 


Explanation: Since the unit of data is marks, so the result is also in marks. Hence we may 
say that, ‘Each of the seven students obtains 59 marks on the average’. 
(ii) Indirect, Short Cut or Coding Methods 

There are two approaches under Indirect Method. These are used to find mean when 
data set consists of large values or large number of values. The purpose is to simplify the 
computation of Mean. These approaches exist in theory but are not used in practice as many 
Statistical softwares are available now to handle large data. However a student should have 
knowledge of the two approaches. These are: 

(i) using an Assumed or Provisional mean 

(1) using a Provisional mean and changing scale of the variable. 

Deviation is defined ав difference of any value of the variable from any constant 
‘A’. For example we say, 


Deviation from mean of X = (х; ex) = (Xj =X) fori-1,2,.....n 
Deviation from any constant A= (x; - А) Z(X;-A) foriz1,2,.....n 
The formulae used under indirect methods are: 


2D Yu 


(1) Х-А--- (1) Х-А--хһ 
п п 


where 
Dj = (X; А), A is any assumed value of X called Assumed or Provisional mean. 


aes) ыы : | . 
uj = ра “h” is the class interval size for unequal intervals. 


ВСЭ The salaries of five teachers are as follows. Find the mean salary using direct 
| and indirect methods and compare the results. 11500, 12400, 15000, 14500, 14800. 
( Solution: Wa proceed as follows: 
(a) Using Direct method 
5 


2,Х _ 11500 + 12400 + 15000 + 14500 + 14800 
4-7 5 


68200 
BE е 13640 Киресв. 


(х =A] 


we assume А = 13000 , D, = (х, –13000), A = 100 and u, = 100 


‚ the 


computations are shown in the following table: 


X D, = (x, —13000) 
| 12400 -600 2022 
| 15000 | 2000 | 20 | 
| 14500 1500 15 
| 14800 | 1800 | 
| =x; = 68200 ED, = 3200 Хш=32 | 

(1) Using Indirect methods 
3200 


Х = 13000&777 = 13000 + 640 = 13640 Rupees 


(1) Using Indirect method 


Х = 13000+22х100 = 13640 Киреев 


Grouped Data 

A data in the form of frequency distribution is called grouped data. For the grouped 
data we define formulae under Direct and Indirect methods as given below: 

(a) Using Direct method, 


(b) Using Indirect method, 
@) #-д+2® (іі) Free М 
2/ Es 


where ‘X = x; denotes the midpoint of a class or group if class intervals are given, and ‘h’ is 
| theclass interval size . 


| 


1: 110 Э Find the arithmetic mean using Direct method for the following frequency 
distribution. 


= AX 49 
Х- =20 = = 2.45 or 3 heads (since the variable is discrete). 


Ar 


еи For the following data showing weights of toffee boxes in gms. Determine the 


mean weight of boxes. | Classes / Groups шин | 


1) === 19 


Бе ЕВ Find arithmetic mean using short formulae taking X = 34.5 as the provisional 
mean in example 4. 


c we use the following formulae 


|! Ул : = » fu 
(1) Х =А+ (11) Х =А+ xh 
Ху 27 


Given А = 34.5, we note that the distribution has equal class interval size of 10. So 
we may take h = 10 and make the following ШИЛЖ 


Classes/ E 
D-X-345|u- а-а-әш| m | ж | A)/10 
ЕР 
4.5 -2 
KEZE === 19 EN 14.5 -2 E 


Em [5 25 3 
De—»[s | ws 


10725 E 44.5 1 


50 —— [ П=— | 5115 2 
60--- 69 64.5 
| Тош |40 | | | ур --80 | Xe -8 | 


— the totals in the above formulae, we get 


(1) Х= 345+— =345- 2 = 32.5 gm 


(ii) X =3454— x10 345-22 325 gm. 


Hence the three methods yield the same answer. 
6.30) (b) Median 
Median is the middle most observation in an arranged data set. It divides the data set 


Lie] 


into two equal parts. “Х” is used to represent median. We determine Median by using the 
following formulae: 


Ungrouped data 
Case-1: When the number of observations is odd of a set of data arranged in order 
of magnitude the median (middle most observation ) is located by the formula given below: 


- +1 
X — size of (a Observation 


Case-2: When the number of observations is even of a set of data arranged in order 
of magnitude the median is the arithmetic mean of the two middle observations. That is, 


median is average of ^ and С + Ды values. 
а» | 2 
Х- 2 [size of E th + EJ 3 observations | 


Io CIUS On 5 term tests in mathematics, a student has made marks of 82, 93, 86, 92 and 
79. Find the median for the marks. 
By arranging the grades in ascending order, the arranged data is 
79 , 82,86 , 92 , 93 
Since number of observations is odd i.e., n — 5. 


5-1 
X = size of ЕЭ th observation 


X = size of 3" observation 
X - 86 
19611700309 The sugar contents for a random sample of 6 packs of juices of a certain brand 
are found to be 2.3, 2.7, 2.5, 2.9, 3.1 and 1.9 milligram. Find the median. 
Arrange the values by increasing order of magnitude 


19,23,25,27,29,31 
Since number of observations is even i.e., n = 6. 
~ 1 6 6-2 
Х=5 size of (5 + -- 2 observations 


[size of (3 + 4") observations] 


Grouped Data (Discrete) 
The following steps are involved in determining median for grouped data(discrete): 
» Make cumulative frequency column. 
» Determine the median observation using cumulative frequency, i.e., the class 


А 
С п | a 
containing a observation. 


Devi) Find median for the following frequency distribution. 


(Number of heads) X 


эг. Frequency Cumulative Cumulative regnen 
EE 
—— —— 1 
[ms 2 


ийг Хн! а Е x 
Total >/-20 


th 
: - n : 
Median = the class containing (5) observation 


Now 


th 
2 
Median = the class containing (2) observation 
Median = the class containing (10) observation 
Median = 2. 
Grouped Data (Continuous) 
The following steps are involved in determining median for grouped data 


(continuous): 

» Determine class boundaries 

» Make cumulative frequency column 

» Determine the median class using cumulative frequency, 1.е., the class 


th 
containing (5 observation 


» Use the formula, 
h 
Median = / + “fs - j 


where 1: lower class boundary of the median class, 
h : class interval size of the median class, 
f : frequency of the median class, 
c : cumulative frequency of the class preceding the median class. 
The following data is the time taken by 40 students to solve a problem is 
recorded. Find the median time taken by the students. 


157 
140 144 
138 165 
142 135 


161 145 135 142 | 150 | 156 | 145 128 | 


(a) Class Intervals | Frequency Class Cumulative 
Boundaries Frequency 


r m= | 3 | 1(  5:1205( 3 

| 121: 135 5 12052 13551 8 | 
136 — 144 9 135.5 — 144.5 17 
145 — 153 144.5 — 153.5 Median class 
154 — 162 153.5 — 162.5 34 
163 — 171 102511: 38 
10222180 171.5 — 180.5 40 

| Total У/-40 = = 

Now 


th 
median class = class containing 5 observation 


th 
median class = class containing 2) = 20" observation 


median class = 144.5 — 153.5 
1 = lower class boundary of median class = 144.5 
c = cumulative frequency preceding the median class = 17 
Ј = frequency of median class = 12 
h = size of median class interval = 9 


Е һ 9 
So, i-is (с) = 445 + 15 Q0 - 17) = 146.8 


fM 
6.3(1) (c) Mode 
Mode is defined as the most frequent occurring observation in the data. It is the 
observation that occurs maximum number of times in given data. The following formula is 
used to determine Mode: 


Ungrouped data and Discrete Grouped data 
Mode z the most frequent observation 
(1) Grouped Data (Continuous) 
The following steps are involved in determining mode for grouped data: 
» Findthe group that has the maximum frequency. 
> Usethe formula 


Mode - [4,221 
ode 214 zz — х 
fah Th 
Where [ : lower class boundary of the modal class or group, 
h : class interval size of the modal class, 
Ía : frequency of the modal class, 
fi : frequency of the class preceding the modal class and 
7, : frequency of the class succeeding the modal class. 


19:611103 Ө Find the modal size of shoe for the following data: 
4, 4.5, 5, 6, 6, 6, 7, 7.5, 7.5, 8, 8, 8, 6, 5, 6.5, 7. 
We note the most occurring observation in the given data and find that, 
mode - 6. 
Find Mode for the following frequency distribution. 


| (Number of heads) X | Frequency | 


1 3 
| 2 8 | 
3 5 
| 5 NEN 
Since the given data is discrete grouped data so that, 


mode - 2, 
(Since for X = 2 the frequency is maximum, means 2 heads appear the maximum 
number of timesie .,8) . 
1 61111259) For the following data showing weights of toffee boxes in gm. Determine the 


modal weight of boxes. 
| Classes / Groups | Егедиепсу | 


0-0 2 


i0— 15 


AY === 28 


(а) Determine the class boundaries first, 
(b) Find the class with maximum frequency 
Classes/Groups Frequency 
ger 2 
Boe D5 == 15 10 
| ODE 19.5 —- 29.5 5 
22022222 29.5 — 39.5 9 
40 —— 49 S === “9.5 6 
Шш 7 
60—69 | 


From the above table we get, modal class or group = 9.5 — 19.5. 


[ Solution: Since the data is continuous so we proceed as follows: 


I =10,!=9.5,Һ =10, f =2and f}, =5. 


10-2 
Mode = 9.5 + 2(10)—2—5 х 10 
80 
Mode = 9.5 + 13 


6.3(1) (d) Geometric Mean 


Geometric mean of a variable X is the n" positive root of the product of the 
ель , X, observations. Іп symbols, we write 


= 1/п 
G.M. = (ху, x, Хуу sae x.) 


= 9.5 + 6.134 = 15.654 gm 


The above formula can also be written by using logarithm. 


For Ungrouped data 


log X 
G.M. = Anti log Р "s | 


For Grouped data 


16101505 Find the geometric mean of the observations 2, 4, 8 using (i) basic formula and 


(11) using logarithmic formula. 


G.M. = Anti log | 


У flog : 
2j 


(i) Using basic formula 
G.M - (2x4x ву? = (64)! = 4, 


0.9031 


Total | £ log X = 1.8062 


1 8062) 
3 


= Anti log (0.6021) = 4.00003 = 4 
19:61110 (37 Find the geometric mean for the following data: 
Marks in percentage Frequency/ (No of Students) 


G.M. - Anti log ( 


We proceed as follows: 


Classes | f X | log X | flog X 
28 36.5 
31 


33 == | | 1.562293 43.7442 


4] —— 50 45.5 | 1.658011 51.39835 


S == 60 12 55.5 1.744293 20.93152 
6l —— 70 9 65.5 1.816241 16.34617 
Е, 5 73 1.863323 9.316614 


Total 20-55 
141.736 
С.М = Anti log Їнэ 


= Anti log (1.66749) = 46.50 96 marks 
6.3(1) (е) Нагтошс Меап 
Harmonic mean refers to the value obtained by reciprocating the mean of the 
reciprocal of x, X3, x,, ......... , X, Observations. In symbols, for ungrouped data, 


2f log X = 141.7369 


n 
H.M. = 


and for grouped data, 


n 
HM өс 


10561111) (23 Э For the following data find the Harmonic mean. 


E 


Solution: 
Н.М. = = = 6.076 
“06883797 


19011113 2979 Find the Harmonic mean for the following data. 


Classes No. of Students 


28 
31 
12 
| 9 
| 5 | 
X IX 


ЕСЕТ 36.5 0.767123 
41 — 50 —— 45.5 0.681319 


КЫз ОХО = ИЕ ee 0.216216 
Gl — ae Є NE 65.5 0.137405 


Ail TS | 7 | 0.068493 


IE 
У у= 1.870556 


> 85 
Н.М.- AL E = 45.441 


f 1.8706 
EX 
6.3(1) Properties of Arithmetic Mean 
(i) Mean of a variable with similar observations say constant Кс is the constant k 
itself. 


(1) Mean is affected by change in origin. 


(iii) ^ Mean is affected by change in scale. 
(iv) Sum of the deviations of the variable X from its mean is always zero. 
10:611009) Find the mean of observations: 34, 34, 34, 34,34, 34. 
Since the variable say X here is taking same observation so by property (i) 
Х-34. 
CANEDA variable X takes the following values 4, 5, 8, 6, 2. Find the mean of X. Also 


find the mean when (a) 5 is added to each observation (b) 10 is multiplied with each 
Observation (c) Prove sum of the deviation from mean is zero. 


ӘЛ) (НӘ Given the values of X, 
x 4 5 8 6 2. 


We may introduce two new variables Y and Z under (a) and (b) respectively. So we 
are given that (a) Y = X + 5 (b) Z = 10X. The following table shows the desired result: 


Total 


УХ=25 | Жәй | 52-250 | У(Х-Х)=0 
From the above table we get, 


x-Z.5 ЕЕ 


10 ; Z- =50 


We note that (а) У =10=5+5=Х +5 


() Z=50=10(5)=10X 
Which shows that mean is affected by change in origin and scale. 


(c) From the last column of the table we note that > (Х =X ) =0 , the sum of 
the deviations from mean is zero. 
6.3 (iii) Calculation of Weighted Mean and Moving Averages 
a. The Weighted Arithmetic Mean 
The relative importance of a number is called its weight. When numbers Хү, x», ... Ху 
are not equally important, we associate them with certain weights, w4, и), из, ..., W 


n 
depending on the importance or significance. 


Wi Xi + 0) Ху) +... + 0х, Ewx 
= = 


wT Wy tWot..+w, Хи 


is called the weighted arithmetic mean. 


Jo cin) The following table gives the monthly earnings and the number of workers іп а 
factory, compute the weighted average. 


No. of employees Monthly earnings. Rs. 


Г Solution: Number of employees are treated as a weight (w) and monthly earnings as 
variable (x) 


No. of employees (w) Monthly earning in Rs. (x) (xw) | 
4 800 3200 
22 45 990 
20 100 2000 
30 30 900 
80 35 2800 


300 15 4500 


Уху = 14390 


Xxw 14390 
Хул 456 = 31.5 

b. Moving Averages 

Moving averages are defined as the successive averages (arithmetic means) which 
are computed for a sequence of days/months/years at a time. If we want to find 3-days 
moving average, we find the average of first 3-days, then dropping the first day and add the 
succeeding day to this group. Place the average of each 3-days against the mid of 3-days. 
This process continues until all the days, beginning from first to the last, are exhausted. 

Calculate three days moving average for the following record of attendance: 


Week | Sun Wed | Thu | Fri | Sat 
1 24 55 28 45 51 54 60 
| Week and 3-days moving 


Attendance | 
| Days | Total | Average | 
Sun. 24 - = 


Mon. 55) 107 107/3 = 35.67 
ое: 28 128 128/3 = 42.67 
Wed. 45 124 124/3 41.33 


Thu. 51 150 150/3 = 50.00 
Fri. 54 165 165/3 = 55:00 


| By adding the first three values, we get 107, which is placed at the center of these 
| values i.e., Monday and then dropping the first observation i.e., 24 and adding the next 3 
values, we get 128 and placed at the middle of these three values and so on. For average 
values, divide 3 days moving total by “3” which shows in last column of the table. 


6.3(iv) Graphical Location of Median, Quartiles and Mode 


We explain the graphical location of Median, Quartiles and Mode by the help of 
following examples: 


51100399 For the following distribution, locate Median and Quartiles on graph: 


| Class Boundaries | Cumulative frequency | 


Less than 120 


Less than 130 
4 


Less than 140 
Less than 150 


Less than 160 64 
Less than 170 
Less than 180 76 


Less than 190 | |500 | 


Less than 200 


We locate Median and Quartiles by using the following cumulative frequency 
polygon. 


Finding 
Q:: 
a) Find (n/4)" observation which is 82/4=20.5. 


b) On the graph locate 20.5 on y-axis and draw a horizontal line segment 
parallel to x-axis touching the polygon. 


с) 
4) Read the value of first quartile at the point where the line segment meets 
x-axis which is 135.17. 


Draw a vertical line segment from this point touching x-axis. 


Finding 
Q, or Median: 


a) Find 2("/4)" observation which is 2(82/4)=41. 
b) On the graph locate 41 on y-axis and draw a horizontal line segment parallel 
to x-axis touching the polygon. 


с) Draw а vertical line segment from this point touching x-axis. 


d) Read the value of Median at the point where the line segment meets x-axis 
which is 145.33. 


Finding 
Q,: 
a) Find 3(n/4)" observation which is 3(82/4)-61.5. 


b) On the graph locate 61.5 on y-axis and draw a horizontal line segment 
parallel to x-axis touching the polygon. 


с) Draw a vertical line segment from this point touching x-axis. 


d) Read the value of Median at the point where the line segment meets x-axis 
which is 157.57. 


105:011111) For the following distribution locate Mode on graph. 


Salaries in Rupees No. of teachers 
120 —— 130 


шижин 
[—m—i1 | в — 
140 —— 150 
юю [о 


Frequency 
37 


= 
сз 


140 [150 160 170 
Class | Boundaries 


Model-14400 


» Determine the rectangle having the highest peak indicating the modal class. 


» Draw a line segment from the top left corner of the rectangle to the top left 
corner of the succeeding rectangle. 


» Draw another line segment from the top right corner of the rectangle to the 
top right corner of the preceding rectangle. 

» Drop perpendicular from the top of the rectangle to the x-axis passing 
through the point of intersection of the two line segments. 

» Read the value at the point where the perpendicular meets the x-axis. This is 


the Mode of the data which is 144. 


— EXERCISE 6.2 (== 


1. What do you understand by measures of central tendency. 
Define Arithmetic mean, Geometric mean, Harmonic mean, mode and median. 
Find arithmetic mean by direct method for the following set of data: 
(1) 12, 14, 17,20, 24, 29, 35, 45. 
(ii) 200, 225, 350, 375, 270, 320, 290. 


4. For each of the data in Q. no 3., compute arithmetic mean using indirect method. 


Basic Statistics 


The marks obtained by students of class ХІ in mathematics аге given below. 
Compute arithmetic mean by direct and indirect methods. 


Classes / Groups Frequency 
0—9 2 


10—19 10 | 
20—29 5 | 
30—39 9 | 
6 | 

7 
жа 


40--49 
50—59 
60—69 


б. The following data relates to the ages of children in а school. Compute the mean age 
by direct and short-cut method taking any provisional mean. (Hint. Take A = 8) 


Classlimits | Frequency 


13—15 7 


Also Compute Geometric mean and Harmonic mean. 


7. The following data shows the number of children in various families. Find mode and | 
median. 


9, 11, 4, 5, 6, 8, 4, 3, 7, 8, 5, 5, 8, 3, 4, 9, 12, 8, 9, 10, 6, 7, 7, 11, 4, 4, 8, 4, 3, 2, 7, 9, 
10, 9, 7, 6, 9, 5. 


8. Find Modal number of heads for the following distribution showing the number of 
heads when 5 coins are tossed. Also determine median. 


X (number of heads) | Frequency (number of times) | 


The following frequency distribution the weights of boys in kilogram. Compute 
mean, median, mode. 


Class — wegen 
1— 


ШИНЖ 5 


10. A student obtained the following marks at a certain examination: English 73, Urdu 
82, Mathematics 80, History 67 and Science 62. 
0) If the weights accorded these marks аге 4, 3, 3, 2 апа 2, respectively, what is 

an appropriate average mark? 

(ii) What is the average mark if equal weights are used? 

11. On a vacation trip a family bought 21.3 liters of petrol at 39.90 rupees per liter, 18.7 
liters at 42.90 rupees per liter, and 23.5 liters at 40.90 rupees per liter. Find the mean 
price paid per liter. 


12. Calculate sali _ oe of 3 зав from the -. data: 


Үгээ (нө 2812 ЕКШЕ ШЕ ТЕШЕ ЕЕ 


58 220. 230. 


13. Determine Pads for the following data and click your answer by using 
formulae. 


(1) Median апа Quartiles using cumulative frequency polygon. 
(ii) Mode using Histogram. 


Class Boundaries Frequency 


40—50 6 
50—60 
60—70 1 


64 Measures of Dispersion 
Statistically, Dispersion means the spread or scatterness of observations in a data set. 

The spread or scatterness in a data set can be seen in two ways: 

0) The spread between two extreme observations in а data set. 

(1) The spread of observations around an average say their arithmetic mean. 


The purpose of finding Dispersion is to study the behavior of each unit of population 
around the average value. This also helps in comparing two sets of data in more detail. 

The measures that are used to determine the degree or extent of variation in a data 
set are called Measures of Dispersion. 

We shall discuss only some important absolute measures of dispersion now. 
0) Range 

Range measures the extent of variation between two extreme observations of a data 
set. It is given by the formula: 
Range = X max - Xmin = Xm - Хо 
where X nax = X,, : the maximum, highest or largest observation. 


X nin = Xo: the minimum ,lowest or smallest observation. 
The formula to find range for grouped continuous data is given below: 
Range = (Upper class boundary of last group)-(lower class boundary of first group 
Find Range for the following weights of students: 
110, 109, 84, 89, 77, 104, 74, 97, 49, 59, 103, 62. 
Given that X, = 110, X, = 49, Range = 110 — 49 = 61 
12561111: 979) Find the Range for the following distribution. 


| Classes / Groups f | 


io — ig 10 


60:59 1 
| Total 40 | 
[ Solution: we find class boundaries and class marks for the given data as follows: 
Class limits 


2019 


Ор 
| 40 — 49 39.5—49.5 


50— 59 49.5--59.5 


60--69 595—555 1 


Range = 69.5 — 9.5 = 60 
(1) Уагіапсе 

Variance is defined as the mean of the squared deviations of х, (i = 1, 2, ....., n) 
observations from their arithmetic mean. In symbols, 


E 
Variance of X = Var (X) = 52= iex) 
n 


(iii) Standard Deviation 
Standard deviation is defined as the positive square root of mean of the squared 


deviations of X; (i = 1, 2, ....., n) observations from their arithmetic mean. In symbols we 


>(х-Х) 


Computation of Variance and Standard Deviation 

We use the following formulae to compute Variance and Standard Deviation for 
Ungrouped and Grouped Data. 
Ungrouped Data 

The formula of Variance is given by: 


Var (X) = $2- Ух? (24) 


write, 


Standard Deviation of X = S.D(X)- $ = 


n п 


апа Standard deviation 


S.D (X)=S= LU РН 


п 


161010 25 The marks of six students in Mathematics аге as follows. Determine Variance 
and Standard deviation. 


ШЕҢ EE] е [ng] ER] 

|) 0 ОИ 128 | 
QE Let X = marks of a student. We make the following computations for finding 
Variance and Standard deviation. 


| x X2 A Y | (X-Xy | 
60 3600 E | 4 | 
mom 4900 | 8 | 64. | 


бо, Х- = = 62 marks 


2600 


and Var (X) = 82 = ағы 433.3333 (square marks) 


Using computational formula 
25664 (3727 
пао == 
oo» s. 2564. (37) 
= 4277.3333 — 3844 = 433.3333 (square marks) 


S.D (X) = S = 4|4277.3333 — 3844 = 4/433.3333 
= 20.81666 Магкѕ 
Grouped Data 
The formula of Variance is given by: 


E Xf 


and standard deviation 


DENN For the following data showing weights of toffee boxes in gm. determine the 
variance and standard deviation by using direct methods. 


| "E | 1 | 


We make (һе following computations: 


AE a - x» ж у? 
324 145 


D 
14.5 3240 2102.5 
24.5 


5 
34.55 | 9 
6 


122.5 3001.25 гн 
310.5 10712.25 | 


36 
44.5 11881.5 


267 
54.5 | 7 3388 3815 | 2079175 | 
64.5 1024 1024 64.5 | 416025 _ 25 


| Тош ТҮ У(Х - Х)? = 2600 Х/Х = 1300 | xj? = 52690 | 52690 


Using definitional formula 
10440 

S? = — = 261 sq. gm. 

40 q. ёш 


Using computational formula we get, 


52690 (1300) 
"E ( "m | =1317.25 — (32.5)2 = 1317.25 – 1056.25 = 261 sq. gm., 


and standard deviation is given by, 


10040 
S= =4/261 = 16.155 gm. 


S? = 


52690 (13007 
S= =^/261 = 16.155 gm. 
40 | 40 | E 


191111258) Compare the variation about mean for the two groups of students who obtained 
the following marks in Statistics: 


X = Marks (section A) | Y = Marks section B 


60 62 


[ Solution: In order to compare variation about mean we compute standard deviation for the 
two groups as follows: 


X Y 
60 62 
70 62 
30 65 


| хх РЕ VEL] ec x "m 3 Sa Е | 


Х 370 
Mean for group А = х-24Х -7д = 61.67 = 62 Marks 
n 


У _ 
—— = 62 МагК8 


Mean for group В = Ү= 


Comment: We note that the variation іп Group В is smaller than that of Group А. This 
implies that the marks of students in Group B are closer to their Mean than that of Group A. 


= EXERCISE 6.3 = 


What do you understand by Dispersion? 
How do you define measures of dispersion? 
Define Range, Standard deviation and Variance. 


Bopp rs 


The salaries of five teachers in Rupees are as follows. 
11500, 12400, 15000, 14500, 14800. 
Find Range and standard deviation. 
Э; a- Find the standard deviation 55” of each set of numbers: 
(4) 12, 6, 7, 3, 15, 10, 18, 5 
(її) 9, 3, 8, 8, 9, 8, 9, 18. 
b- Calculate variance for the data: 10, 8, 9, 7, 5, 12, 8, 6, 8, 2. 
6. The length of 32 items аге given below. Find the mean length and standard deviation 
of the distribution. 


Length 20—22 | 23-25 | 20-28 | 29-31 | 32-34 
| Frequency | B | 6 Ї2 | 9 | 2 


T. For the following distribution of marks calculate Range. 


Marks in 


| 31—40 | 28 | 
| 415550 | БЛ | 


(іу) 


(у) 


(vi) 


(vii) 


(viii) 


(ix) 


(x) 


(xi) 


(xii) 


MISCELLANEOUS EXERCISES 
Multiple Choice Questions 

Three possible answers are given for the following questions. Tick (У) the 
correct answer. 

A grouped frequency table is also called 

data (b) frequency distribution 


frequency polygon 

A histogram is a set of adjacent 

(a) squares (b) rectangles 
(c) circles 

A frequency polygon is a many sided 

(a) closed figure (b) rectangle 
(c) square 

A cumulative frequency table is also called 

(a) frequency distribution (b) data 


(c) less than cumulative frequency distribution 

In a cumulative frequency polygon frequencies are plotted against 

(a)  midpoints (b) upper class boundaries 
(c) class limits 

Arithmetic mean is a measure that determines a value of the variable under study by 
dividing the sum of all values of the variable by their 

(a) number (b group 

(c) denominator 

A Deviation 15 defined as a difference of any value of the variable from a 
(a) constant (b) histogram 

(c) sum 

A data in the form of frequency distribution is called 

(a) Grouped data (b Ungrouped data 

(c) Histogram 

Mean of a variable with similar observations say constant k is 


(a) negative (6) k itself 

(c) zero 

Mean is affected by change in 

(a) value (b) тайо 

(c) origin 

Mean is affected by change in 

(a) place (b) scale 

(c) rate 

Sum of the deviations of the variable X from its mean is always 
(a) zero (D one 


(c) same 


(хіу) 


(ху) 


(ху1) 


(хуп) 


(хуш) 


(хіх) 


(хх) 


(ххі) 


(xxii) 


The n^ positive root of the product of the Ху, x, , Х,,......... 
(a) Mode (b) Mean 

(c) Geometric mean 

The value obtained by reciprocating the mean of the reciprocal of 
АИ ‚ X, observations is called 

(a Geometric mean (b) Median 

(c) Harmonic mean 


The most frequent occurring observation in a data set is called 

(a mode (b) median 

(c) harmonic mean 

The measure which determines the middlemost observation in a data set is called 


(a) median (b) mode 

(c) mean 

The observations that divide a data set into four equal parts are called 
(a)  deciles (b) quartiles 


(c) percentiles 

The spread or scatterness of observations in a data set is called 

(a) average (b) dispersion 

(c) central tendency 

The measures that are used to determine the degree or extent of variation in a data set 
are called measures of 

(a) dispersion (b) central tendency 

(c) average 

The extent of variation between two extreme observations of a data set is measured 


by 

(a) average (b range 

(c) quartiles 

The mean of the squared deviations of x (i= 1, 2,.....,n) observations from their 


arithmetic mean is called 


(a) variance (b) standard deviation 
(c) range 
The positive square root of mean of the squared deviations of X; (i = 1, 2, ....., n) 


Observations from their arithmetic mean 1s called 

(a harmonic mean (b range 
(c) | standard deviation 

Write short answers of the following questions. 


Define class limits. 
Define class mark. 
What is cumulative frequency? 
Define a frequency distribution. 
What is a Histogram? 


Name two measures of central tendency. 
Define Arithmetic mean. 

Write three properties of Arithmetic mean. 
Define Median. 

Define Mode? 

What do you mean by Harmonic mean? 
Define Geometric mean. 

What is Range? 

Define Standard deviation. 


= SUMMARY == 
Range is Фе difference between maximum and minimum observation. 
The minimum and the maximum values defined for a class or group are called class 
limits. 
The total of frequency up to an upper class limit or boundary is called the 
cumulative frequency. 
A frequency distribution is a tabular arrangement classifying data into different 
groups. 
A Histogram is a graph of adjacent rectangles constructed on XY-plane. A 
cumulative frequency polygon or ogive is a graph of less than cumulative 
frequency distribution. 
Arithmetic mean is a measure that determines a value of the variable under study by 
dividing the sum of all values of the variable by their number. 
A Deviation is defined as 'a difference of any value of the variable from any 
constant’. D; = x; — A. 
Geometric mean of a variable X is the n" positive root of the product of the 
раст — ‚х, observations. 


Harmonic mean refers to the value obtained by reciprocating the mean of the 
reciprocal Of xX,,35,X,,......... ,X, observations. 


Mode is defined as the most frequent occurring observation of the variable or data. 
Median is the measure which determines the middlemost observation in a data set. 
Statistically, Dispersion means the spread or scatterness of observations in a data set. 
Range measures the extent of variation between two extreme observations of a data 
set. 


Variance is defined as the mean of the squared deviations of x; (i = 1, 2, ....., n) 
Observations from their arithmetic mean. 


Standard deviation is defined as the positive square root of mean of the squared 
deviations of x,G- 1, 2, ....., п) observations from their arithmetic mean. 


28, 
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In this unit, students will learn how to 


measure an angle in degree, minute and second. 

convert an angle given in degrees, minutes and seconds into decimal 
form and vice versa. 

define a radian (measure of an angle in circular system) and prove the 
relationship between radians and degrees. 

establish the rule | = rQ where r is the radius of the circle, | the length of 
circular arc and Othe central angle measured in radians. 


: 24 
prove that the area of a sector of a circle is 2 ra 


define and identify: 

e general angle (coterminal angles), 

ө angle in standard position. 

recognize quadrants and quadrantal angles. 

define trigonometric ratios and their reciprocals with the help of a unit 
circle. 

recall the values of trigonometric ratios for 45°, 30°, 60°. 

recognise signs of trigonometric ratios in different quadrants. 
find values of remaining trigonometric ratios if one trigonometric ratio 
is given. 

calculate the values of trigonometric ratios for 0°, 90°, 180°, 270°, 360°. 
prove the trigonometric identities and apply them to show different 
trigonometric relations. 
find angle of elevation and depression. 

solve real life problems involving angle of elevation and depression. 


2 


зарлалын 


7.1 Measurement of an Angle 

An angle is defined as the union of two non-collinear rays with some common end 
point. The rays are called arms of the angle and the common end point is known as vertex of 
the angle. 

It is easy if we make an angle by rotating a ray from one position to another. When 
we form an angle in this way, the original position of the ray is called initial side and final 
position of the ray is called the terminal side of the angle. If the rotation of the ray is anti- 
clockwise or clockwise, the angle has positive or negative measure respectively. 


clockwise rotation 
negative measure 


Initial side Initial side 


anti-clockwise rotation 
positive measure 


Fig. 7.1 
7.18) Measurement of an angle in sexagesimal system (degree, minute and second) 
Degree: We divide the circumference of a circle into 360 equal arcs. The angle 


subtended at the centre of the circle by one arc is called one degree and is denoted by 1?. 


Fig. 7.1.1 

The symbols 19, 1” and 1” are used to denote a degree, a minute and a second 
respectively. 
Thus 60 seconds (60”) make one minute (1^) 

60 minutes (60^) make one degree (19) 

90 degrees (90?) make one right angle 

360 degrees (360?) make 4 right angles 

An angle of 360? denotes a complete circle or one revolution. We use coordinate 
system to locate any angle to a standard position, where its initial side is the positive x-axis 
and its vertex is the origin. 


[RET Locate (а) 45° (Б) 120° (с)459 (4) 270° 
ЄТ The angles are shown in Figure 7 1 2 


n 


270? Terminal side 


(c) 


Figure 7.1.2 


7.1(ii) Conversion of an angle given in D^ M’S “form into decimal form and vice versa | 
The conversion is explained through examples. 


Example 1: (1) Convert 25°30’ to decimal degrees. 


(ii) Convert 32.25? to D? M’S "form. 


о 
(i) 25°30 = 25° + (С) = 25° + 0.5° = 25,5? 


о 
+: 0. 290 о _ 290 25) 
(11) 32.25° = 32° + 0.25° = 32° + (25 


1° 1 : 
- о = o - = о , 
=32 +у=32 + (3x60) =32 15 
9:677) 579 Convert 12923735” to decimal degrees correct to three decimal places. 


нэх RE ‚359 _ 23" 35°. 
ЕТ 1222335” = 12° + 60 esr 60 +3600) 


= 12° + 0.3833° + 0.00972? 


= 12.3930? = 12.393? 
Convert 45.36? to D? M’S “form. 
(45.36)? = 45? + (0.36)? 


о 
36 9 

= о Ie rum CUm , 

= 45° + ЕШ -459- (5 х 60’) 

= 45° + 21.6’ = 45° + 21’ + (0.6 x 60)” 

= 45921736” 
7.1(iii) Radian measure of an angle (circular system). 

Another system of measurement of an angle known as circular system is of most 

importance and is used in all the higher branches of Mathematics. 
Radian: The angle subtended at the centre of the 
circle by an arc, whose length is equal to the radius of 
the circle is called one Radian. 


Consider a circle of radius r whose centre is 
O. From any point A on the circle cut off an arc AP 
whose length is equal to the radius of the circle. Join 
O with A and O with P. The ZAOP is one radian. 
This means that when length of arc AP = length of 
radius OA then mZ AOP = 1 radian 
Relationship between radians and degrees 


We know that circumference of a circle is 

21r where г is the radius of the circle. Since a 

circle is an arc whose length is 277. The radian 

measure of an angle that form a complete circle is 

2nr 
У 


= 2л 
From this, we see that 360° = 27 radians 


or 180°=mradians ·...... 0) 


Using this relation, we can convert degrees 
into radians and radians into degrees as follows: 


180° =n radians = 1°= aco radian , 


H=2.1° =x (2) radian |... (ii) 


о 
1 radian = ҮЗ 1 | ШЫ жар шах iii 
TX T 


Some special angles in degree and radians. 
180° = 1 (1809) = л radians 


90° = 5 (180°) = 7 radians 
60° = = (180°) = 3 radians 
45° = 7 (180°) = 7 radians 
30° = > (180°) = radians 


270° = 3 (1809) = эп radians 


Fig. 7.1.5 
ФТТ Э Convert the following angles into radian measure: 
(a) 15° (b) 124922” 
ошоп: 15-15 (5 rads] by using (i) 
= do radians 


о 


, 22 T : 
(5) 124922 = ( 24+ 25) = (124.3666) (2) radians 


z 2.171 radians 
190111) ЕНУ Express the following into degree. 


2 
(a) ^T radians (b) 6.1 radians 
2 2n (1 
(a) a radians = гэ ЕЭ degrees 
= 120° 


(5) 6.1 radians = (6.1) (30) degrees 
= 6.1 (57.295779) = 349.5043 degrees 
Remember that: 


‚(180 
1 тайап 2 с 


г - ос 01774477 On 3.1416 
5) И l= 180 


= 0.0175 radians 


E EXERCISE — 


Locate the following angles: 


T 
(1) 309 (ii) 22 2° (11) 135° (iv) 2259 
(v) —60° (vi) -1209 (уп) —150° (уш) —225° 
2 Express the following sexagesimal measures of angles in decimal form. 
(i) 45930” (ii) 60930730” (11) 125922750” 
3; Express the following into D° M’ S” form. 


(1) 47.369 (1) 125.459 (ii) 225.75° (iv) —22.5° 
(v) —67.58° (vi) 315.18° 


4. Express the following angles into radians. 
(1) 30° (1) (60)° (111) 1359 (iv) 225° (у)-1509 
(уі) -2259 (уі1) 3009 (viii) 3159 
5. Convert each of following to degrees. 
NK ‚ эт nu IL . . làn 
o (у (й) g (076. (v) 3 
(vi) 4.5 (vil) гіп (viii) — m T 


7T.2 Sector of a Circle 


() A part of the circumference of a circle is called an arc. 

(ii) A part of the circle bounded by an arc and a chord is called segment of a 
circle. 

(iii) A part of the circle bounded by the two radii and an arc is called sector of 
the circle. 


queue 


А В 
| ап arc a segment a sector 
| 7.2%) То establish the rule / = д, where г is the radius of the circle, / the length of 
| circular arc and @the central angle measured in radians. 

Let an arc AB denoted by / subtends ап 
angle д radian at the centre of the circle. It is а fact 
of plane geometry that measure of central angles of 
the arcs of a circle are proportional to the lengths of 
their arcs. 


mZAOB _ тАВ 
mZAOC АС À 
= Oradian 1 1 = 
1 тайап r r 
ии) Їл a circle of radius 10m, 
(a) find the length of an arc intercepted by a central angle of 1.6 radian. 
(b) find the length of an arc intercepted by a central angle of 60°. 
«ІП (а) Неге — 0-1.6radin , r=10m and 1-2 
ын Since l=r0 => 1-410х16-16ш 


T_T 
(b) 0=60°=60х 18073 rad. 
п 10л 


l=r0= 10x 3 5734 m. 
Find the distance travelled by a cyclist moving on a circle of radius 15m, if he 
makes 3.5 revolutions. 
СУТ 1 revolution = 2x radians 
3.5 revolution = 27 x 3.5 m 
Distance traveled 2] = r 0 
1215 x2r x 3.5 = 1057 m 
7.2(1) Area of a circular sector 
Consider a circle of radius r units and an arc of length / units, subtends an angle бай 


Area of the circle = mr? 
Angle of the circle = 27 P sector area 
Angle of the sector = @radian 
Then by elementary geometry we can use the 
proportion, 

area of sector AOBP angle of the sector 

area of circle 7 angle of the circle 

area of sector АОВР Ө 

PE mé ~ 2n 


Fig. 7.2.2 


1 
> Area of sector AOBP = 2 хп =5 r0 
2n 2 


| Е ЕЮ Find area of the sector of а circle of radius 
16cm if the angle at the centre is 60°. 


1 
СУТ Area of sector = 2 720 


Now Ө= 60° x 125 = з тай ‚ ГЕ 16cm 


1 T 
D 2 
Area of sector = 2 (16) B 


1 22 2 
2 5 x | = 134.1 cm 
==" EXERCISE 7.2 = 
1. Find @ when: 
()) 12 2em , r=3.5cm (1) 12 4.5m, rz 2.5m 
2. Find /, when: 
(i) 02 180° , r = 4.9cm (ii) 0= 60°30’ , r= 15mm 
3. Find r, when: 
(1) [= 4ст , 9= 2 radian (ii) | 2 52cm , 0 = 45? 
4. In a circle of radius 12m, find the length of an arc which subtends a central angle 
Ө= 1.5 radian. 
5. In a circle of radius 10m, find the distance travelled by a point moving on this circle 
1f the point makes 3.5 revolution. (3.5 revolution = 77). 
6. What is the circular measure of the angle between the hands of the watch at 
3 o'clock? 


T. What is the length of the arc APB? 


B 
P 
А 
8. In a circle of radius 12cm, how long an arc subtends a central angle of 84°. 
9. Find the area of the sectors OPR. 


R 


; Find area of the sector inside a central angle of 20° in a circle of radius 7m. 
11. Sehar is making a skirt. Each panel of 
this skirt is of the shape shown shaded in 
the diagram. How much material (cloth) 
1s required for each panel? 


12. Find the area of the sector with central angle of - тайап in а circle of radius 10cm. 
13. The area of the sector with a central angle Ө in a circle of radius 2m 15 10 square 


meter. Find біп radians. 


7. Trigonometric Ratios 
7.3(i-a) General Angles (Coterminal angles) 


An angle is indicated by a curved arrow that shows the direction of rotation from 
initial to the terminal side. Two or more than two angles may have the same initial and 


terminal sides. Consider an angle ZAOB with OA аз initial side and OB as terminal side 
with vertex О. Let m ZAOB = Oradian, where 0 < 0 € 2л. 


B B Р 
2 + 4 + 
О А А А 
) 


(1 (11) (111) 
If the terminal side OB comes to its original position after, one, two or more than two 


complete revolutions in the anti-clockwise direction, then mZAOB in above three cases will 
be 


0) Ө таа after zero revolution 
(1) (2n + Ө rad. after one revolution 
(11) (Ат + 0) тай. after two revolutions 


Coterminal Angles: Two or more than two angles with the same initial and terminal sides 
are called coterminal angles. 

It means that terminal side comes to its original position after every revolution of 27 
radian in anti = clockwise or clockwise direction. In general, if 91$ in degrees, then 360°k + 6, 
where k е Z, is an angle coterminal with Ө If angle бі in radian measure, then 2kn + Ө 
where k € Z, is an angle coterminal with Ө. 
Thus, the general angle д= 2(K) п + 0, where КЕ Z. 


(Example: Which of following angles are coterminal with 120°? 
—240°, 480°, = and — — 
-2409 18 conterminal with 120° as their terminal side is same 
480° = 360° + 120°, the angle 480° terminates at 120° after one complete revolution. 
- 747 + = = 720° + 120? the angle = is coterminal with 120°. 


xs = 40 + = = —720° — 120° so x is not coterminal with 120°. 


7.3(i-b) Angle in Standard Position 

A general angle is said to be in standard position if its vertex is at the origin and its 
initial side is directed along the positive direction of the x-axis of a rectangular coordinate 
system. 

Because all the angles in standard position have the same initial side, the location of 
the terminal side is of importance. The position of the terminal side of an angle in standard 
position remains the same if measure of the angle is increased or decreased by a multiple of 
2T. 

Some standard angles are shown in the following figures: 


2 
Y 
y T 
X A a 
7 0 О T o3 
Fig. 7.3.1 (a) 
Locate each angle in standard position. 
(i) 240? (ii) 490? (ш) —270? 


QP The angles are shown in Figure 7.3.1 (b) 


y 
90° 


270° 


490° = 360° + 130° 
Gi) (iii) 
Fig. 7.3.1 (b) 


7.3(ii) Тһе Quadrants апа Quadrantal Angles 

The x-axis апа y-axis divides the plane іп four regions, called quadrants, when they 
intersect each other at right angle. The point of intersection is called origin and is denoted 
by O. 
Angles between 0? and 90? are in the first quadrant. : 
Angles between 90? and 180? are in the second quadrant. Second First 
Angles between 180? and 270? are in the third quadrant. Quadrant | Quadrant 
Angles between 270? to 360? are in the fourth quadrant. О ші 
Ап angle in standard position is said to Пе in a quadrant if its Third Fourth 
terminal side lies in that quadrant. Angles 0, 8, yand 6 lie in I, П, Quadrant | Quadrant 
III and IV quadrant respectively in figure 7.3.1. 
Quadrantal Angles 

If the terminal side of an angle in standard position falls on x-axis or y-axis, then it is 
called а quadrantal angle i.e. 90°, 1809, 270? and 360? are quadrantal angles. The 
quadrantal angles are shown as below: 


| A y y 
90° 180° 270° 360° 
X X X x 
O O O O 


Fig. 7.3.2 

7.3(iii) Trigonometric ratios and their reciprocals with the help of a unit circle. 
There are six fundamental trigonometric ratios called sine, cosine, tangent, cotangent, 
secant and cosecant. To define these functions we use circular approach which involves the 
unit circle. 


Let @ be a real number, which represents the radian 
measure of an angle in standard position. Let P (x, y) be any 
point on the unit circle lying on terminal side of 0 as shown 
in the figure. 

We define sine of @ written as 8810 and cosine of Ө 
written as cos@, as: 


. EP . 
singes dT => біпб-у 
Х 


апа созӨ= ОЁ =2 > со5б-х Fig. 7.3.3 


i.e., cos@ and sin are the x-coordinate and y-coordinate of the point P on the unit 
circle. The equations x = cosQ and у = sin@are called circular or trigonometric functions. 

The remaining trigonometric functions tangent, cotangent, secant and cosecant will 
be denoted by {ап 8, cot, зес @ and созес 9 for any real angle 6. 


ЕР 

з о ПО 

ind 
since y= sin and х= сов0 => tang = 225 
cos 


sind 


со = (#0) => со д = 


зес 6-1(х%0) апа совес 6-5 (у #0) 


1 1 


T cos 0 ~ sin 0 
Reciprocal Identities 


. 1 
sinÜ— — —, or cosecO=—— 
cosecÓ ѕіпӨ 


1 1 
с080- "— or secO= сов@ 


1 
tanĝ = coté Or cotü- нө 


ӨТТІ?) Find the value of the trigonometric ratios at 8 if point (3, 4) is on the terminal 
sides of 0. 


We have x = 3 and y=4 
We shall also need value of r, which is found by using the fact that 


"-А +y} ; r=)? + (д? = 4025 = 5 where r = ЮР 


y 
Thus dug) 2 2 T P(3,4) 
r 5 4 
x 3 5 4 
соѕ0=7= 5 2 secO=3 ) : 
ее 22 
tanO=" = 3 > соі0= 1 


7.3(iv) The values of trigonometric ratio for 45°, 30°, 60°. 


Consider a right triangle ABC with m Z C = 90°. The 
sides opposite to the vertices A, B and C are denoted by a, b and c 
respectively. 


Case I When m Z A = 45°, where 45° = 4 тайап. Since the sum 


of angles in a triangle is 180°, so m Z B = 45°. 
As values of trigonometric functions depend on the size 4 b= С 
of the angle only and not оп the size of triangle. For Fig. 7.3.5 
convenience, we take a = b = 1. In this case the triangle is 

isosceles right triangle. 


Ву Pythagorean theorem. 


Caer rus Е 

(=? = с-А/2 
From this triangle, we have 
ла c "menm iem 
sin45 zm NS ; cosec 45 = из = V2 

45° = cos ЕР 459 = 1-40 
cos Eum Е ѕес = es = 
о n al 1 

tan45 -tun,-p-1-1; cot 45 "nds 


Case П When m КА = 30° or т/А-б09 

Consider an equilateral triangle with sides а = b = с = 2 for convenience. Since the 
angles in an equilateral triangle are equal and their sum is 1809, each angle has measure 60°. 
Bisecting an angle in the triangle, we obtain two right triangles with 30? and 60? angles. The 
height IADI of these triangles may be found by Pythagorean theorem, i.e., 


Fig. 7.3.6 


(АР)? + (BD) = (АВ)? = (AD)?= (АВ)? — (BD)? 
№ = (2)? - (1)? =3 
> h= 1/3 


2. Using triangle ADB with т Z A = 30°, we have 


. л Вр 1 шог 
sin30? = sin 6 = AB^2 cosec 30° = sin309 ^ 2 

0 = cog AP 33 быы 
со830 = COSE ав 2 вес 30 = с0830° = A3 

o = tan 5 2D 1. ва 
tan30 йш дот в cot 30 "up = N3 
Now using triangle ABD with mZB = 60°. 

AD 3 1 2 


1 о — — 0.-4-----210--- 
sin60 =АВ= 2 созес 60 = 60° ^43 


1 
(01225 == 
вес 60° = с0560° = 2 


1 
2 

AD 43 и 
1 


сої 60° = те 13 
7.3(v) Signs of trigonometric ratios in different quadrants 

In case of trigonometric ratios like sin@, cos@ and tan@if 0 15 not a quadrantal angle, 
then @ will lie in a particular quadrant. Since r = Nx + y? is always +ve, the signs of ratios 
can be found if the quadrant of 018 known. 


(i) If @ lies in first quadrant, then a point P (x, y) on its terminal side has x and y 
co-ordinate positive. 
Therefore, all trigonometric functions are positive in quadrant I. 

(ii) If 0 lies in 2nd quadrant, then point P(x, у) on its terminal side has negative 
x-coordinate and positive y-coordinate. 


M 
r 


. . х. : 
. sinÓ--is +ve ог> 0 cosĝ=7 is —ve or «0 and tan Ө= is -уе or « 0 


(iii) When @ lies in third quadrant, then a point P (x, y) on its terminal side has negative 
x-coordinate and negative y-coordinate. 


. | X. : 
sinO=" is —ve or «0, соѕ0= is —ve or <0 and tanO =~ is +ve ог» 0 


(iv) When 0 lies in fourth quadrant, then the point Р (x, y) on the terminal side of 0 has 
positive x-coordinate and negative y-coordinate. 


r Р Х. Р 
їпӨ= T is -уе or < 0, соз@= is +уе ог > 0 апа tanó- T is —ye or <0 


The signs of all trigonometric functions are summarized as below. 


tangent cosine 
уй C 


Read “А5ТС” as 
‘Add Sugar To Coffee’ 


7.3(vi) Values of remaining trigonometric ratios if one trigonometric ratio is given 
The method is illustrated by the following examples: 


Ехатрї1е 1: If sind= 2 апа со80- E > then find the values of tan@, cot@, sec@ and совесд. 


ЛИТ Applying the identities that express the remaining trigonometric functions іп terms | 
of sine and cosine, we have 


"Eu me Ee Р z= 
sinĝ = 2 2. созесд= ако ыг => со8ёс0- 3 
4 
JT Ir _ 4 
со80- 4 5020 е9 47 => 56с0- 7 
4 


=з 
8409 4 -3 - 
Now Йа ЕГЕР = ua 7 
4 
1__-\? 
апа cotü- OT 3 
5 


Example 2: Tf tang = AS then find the values of other trigonometric ratios at 6. 
ЄТ In any right triangle ABC, B 
5 
аһө- 15-4 = а-Ұ5, Ь=2 


с P -Б 
Now Бу Pythagorean theorem 
2+0=0 => ((5/2-(2)-с2 4 
с^=5+4=9 > с=+3 or с=3 


1 
со(0- tano 


1 2 
eum = атг 
2 


НЕ 


| а 1 
sinĝ=7 = ‚ cosecĝ=— 7 => сов ес@= 
с 3 5110 


7.3(vii) Calculate the values of trigonometric ratios for 0°, 90°, 180°, 270°, 360° 
We have discussed quadrantal angles in section 7.3.2. An angle @ is called a 

quadrantal angle if its terminal side lies on the x-axis or on the y-axis. 

Case I When 0-09 


The point (1, 0) lies on the terminal side of angle &. We may consider the point on 
the unit circle on the terminal side of the angle. 


Р (1,0) => x=1 айду-0 so r=Ņ\x + у? -А1-0-1 


0 1 1 
81109 === 1- 0 , совес02- ano pP (undefined) P(1,0) 
E lg je 1 т b: X-axis 
cos0"="=7=1 , sec 04007 
1 1 
tan? =~ = 1 -0 , cot0°=—— = 5 = (undefined) — 
P(1,0) 


Case II When @= 90? 
The point P (0, 1) lies on the terminal side of angle 90? 


Here x=0andy=1 = r2NO «(21 бро, 1) 


ыса m 
r 1 
r А x 


i.e., sin90? 2 1 and cosec 90? = m zl 


Using reciprocal identities, we have 


0390? -$- = 0 : 
tan90° = - - т = co (undefined) , cot90° = 


Case Ш When Ө = 180° 

The point Р (-1, 0) lies on x'-axis ог 
on terminal side of angle 180? 

Нее х=-1 and у-0 


> r=\x2+y2=1 


1 
зїп180° - 7-0 совес180° =, = у = е (undefined) 
o X zl о r l 
cos180? =*=— =-1 - 8601800-2--2--1 
r ] x 1 
o y 0 o X4, =l ; 
tan180 z x =0; cot180 “2-0 = со (undefined) 


Case IV When 0 = 270? and the point P (0, —1) lies on y'-axis or on the terminal side of 
angle 270°. 


Тһе point Р (0, —1) shows that х=0 and у=—1 


So rzN(QY + (—1)? = 1 


а а 2 ЕА 
r 1 y = 
ээ" : Е ut 
1 х 0 
tan270° 222-12. cot 270°=*=2 =0 
x 0 y -1 


Case У When 0° = 360° 
Now the point P (1, 0) lies once again оп x-axis 
We know that 0-25К7-0 where keZ. 
Now Ө0= 360° = 0° + (360°) 1= 079 wherek=1 


1 1 1 
. о 5 о _ 7 o. EN ший 24 s 
So sin360' 50:50 ; cosec360° = sin3609 = sind® ^0 = (undefined) 
1 1 
o. o. 5 p. = 
соѕ360° = cos0 = 1 ; Ssec360 = ЕТІ” 1, 
1 1 
tan360? = tan0? = 0 ; cot360?- SE cse (undefined) 
tano? O0 
Find each of the following without using table or calculator: 
(i) cos540? (1) sin315? (iii) sec (-300°) y 
GED We know that 247 + 0= 0, where ke 2. 
(i) 540° = (360° + 180°) = 2(1)л + 180° 300 60° 
cos 540? = со$(2 + T) = cost = -1 x 


(ii) sec 315° = sin (360° — 45°) = sin Ё - d 


. [7X . m -l 
= sin (=) --sin,- р 
(iii) sec (—3009) = sec (—360° + 609) 
= sec (2(-1) л + 609) 
1 = 
cos60° `~ 


= sec 60° = 


Еу EXERCISE — 


Locate each of the following angles in standard position using a protractor or fair free 
hand guess. Also find a positive and a negative angle coterminal with each given 


angle. 
(1) 1709 (1) 7809 (11) –100° (іу) –500° 
2 Identify the closest quadrantal angles between which the following angles lies. 
(i) 156? (ii) 318? (iii) 5729 (iv) —330° 
3. Write the closest quadrantal angles between which the angle lies. Write your answer 
in radian measure. 
o3 а 21 09-52 GE 
4. In which quadrant 9 lie when 
0) 819»0 , tand<0 (1) cos8 «0 , віп0<0 
(iii) secO>0 , віп0<0 (iv) cos «0 , tanĝ< 0 
(v) cosec@>0 , сов0>0 (vi) sinG «O0 , secO<0 
5. Fill in the blanks. 
(1) сов(-1500) =......... cos150° (ii) sin (-3109) =......... 5103 10° 
(11) tan (-2109)- ......... tan210° (iv) cot (—45°) = ......... cot 45° 
(v) sec (160°) = ......... sec 60° (уі) cosec (-137°)=......... cosec 137° 
6. The given point P lies on the terminal side of Ө Find quadrant of Ө and all six 
trigonometric ratios. 
(i) C2, 3) (ii) (3, -4) (iii) (V2, 1) 
7. If соѕ0 = 2 апа terminal arm of the angle @ is in quadrant II, find the values of 


remaining trigonometric functions. 


4 
8. If tang = 3 and віп0< 0, find the values of other trigonometric functions at Ө. 
-1 
9. If sind = J2 and terminal side of the angle is not in quadrant ІП, find the values of 


(ап, sec 8, апа cosec 6. 


13 
10. If cosec 9= 12 and sec Ө» 0, find the remaining trigonometric functions. 
11. Find the values of trigonometric functions at the indicated angle Ө in the right 
triangle. 


4 


p 26 Gi) т - (iii) Е 


3 


12. Find the values of the trigonometric functions. Do not use trigonometric tables or 
calculator. 


(1) tan30° (1) (ап3309 Gii) sec330° 


(iv) cot" (v) cos E (vi) cosec E 
(vii) cos (-4509) (viii) tan (-9л) (ix) cos = 
(х) sin = (xi) сот (xii) cos 225° 


7.44 Trigonometric Identities 

We have discussed trigonometric functions 
(ratios) and their reciprocals in section 7.3. Consider 
an angle МОР = Ө radian in standard position. Let 
point P (x, y) be on the terminal side of the angle. By 
Pythagorean theorem, we have from right triangle 
OMP. 


OM 2 + MP? = OP” 


LEYS ...... (1) 


> (сов @? + (sing? = 1 
соѕ20+ ѕіп20= 1 (1) 


Dividing (i) Бу х2, we һауе 


с y r 
“+2? 
2 2 
= 0) -(8 `5 tan@=~ and secO=~ 
x X x х 
= 1 + (tan? = (sec @? 
1 + (ап20= ѕес20 or ѕес20— tan?0= 1 (2) 

Again dividing both sides of (1) Бу у2, we get 

2 yon 

y "ye gn 


2 2 
9 +1 -0 ps coto== and cosecó - ^ 
y y 


(cot@)? + 1 = (cosec 0? 


1 + со20- соѕес20 ог cosec?0- cot?@= 1 (3) 


The identities (1), (2) and (3) аге also known ав Pythagorean Identities. 
The fundamental identities are used to simplify expressions involving trigonometric 
functions. 


19:61:15) 20009) Verify that cot secO= cosecO 
ТІПТ Expressing left hand side in terms of sine and cosine, we һауе 


cos@ 1 
L.H.S = cotOsecÓ = те 
1 
Ра cosec @ 
=R.H.S 
10501111 (2979) Verify that tant0 + tan20 = tan? 0 sec?0 
L.H.S = tan*@ + їап20= tan?0 (tan20 + 1) 7 tan2@+ 1 = ѕес20 
= {202 0 зес? 9 
=R.H.S 
2 
Ехашр!е 3: Show that ~u coseca + 1 
coseca— 1 
соёо Ё созес20- cot?@= | 
Solution: Г.Н. = — - 
Фото совеса/- 1 соё0- соѕес20— 1 
2 
-1 -1 +1 
Е (созес“О/ ) _ (соѕесог– 1)(соѕесо — +1 ВН5 
совеса- 1 (созес@— 1) 


ЕТО PS Express the trigonometric functions іп terms of tan@. 
ЄТ By using reciprocal identity, we can express cotĝin terms of (ап. 


1 
Le., cotĝ=—— 


гапд 
By solving the identity 1 + tan20- ѕес20 Note: We can express all the 
We have expressed вес біп terms of tan@ trigonometric functions іп 
цо ИВ terms of one trigonometric 


function. 
1 


1 
cosĝ= mer > тт 


Because sin@= tanO сов, we һауе 
1 гапд 


8410-1400 == | = OO 
E A tan?8 4 1 +^лап?Ө+ 1 
+ tan?8- 1 


sind tang 


Е-, EXERCISE 7.4 


In Problems 1-6, simplify each expression to а single trigonometric function. 


2 


sin^x 

1. MED De 
сов“х 
tanx 

3. EIE 4. 
зесх 

5: sec?x = 1 6. 


In problems 7-24, verify the identities. 


7. (1 — sin@(1 + sinÓ) = соѕ20 8. 

9. (tan@+ cot) tan = ѕес20 

10. (cot@+ созес 8) (tan@— sinÓ) = зес@— соз@ 

ѕіпӨ + cos@ соѕ20 

к tan20-1 ` зїпӨ@—со$@ im 

13. 8ёс0- cos@= tanOsinO 14. 

15. tan@+ cot@= secÓ cosecÓ 

16. (tanQ + cotÓ) (cos@+ sin) = зес@+ созес@ 

17. sinÓ (tan + cotÓ) = вес0 18. 

19 — =2 20 20 
| 1—соз@ "1 + соз@ 086 у 

21. sin? = зїп @— віпбсо520 22. 


[1 + со80 ѕіпӨ 
1 соѕ0 1-— соз@ am 


tanx sinx secx 


1 — cos2x 


sin2x . cot2x. 


51п@+ cos 
— = 1 + tan 
со80 
cos?0 . 
- 7 + sin@= cosec@ 
sind 


$1120 
cosÓ 


+ cosĝ = sec 


1 + со80 sinQ 
sinQ 1 + с050 


1+ 5100 — sind 


1... 57 4tan@secé 


1-віп0 1-віп0 


со540- ѕіп40 = (cos20 — віп20) 


5ёс0- 1 _ вес@+1 
secÓ— 1  tanÓ 


= 2совес0 


7.5 Angle of Elevation and Angle of Depression 

One of the objects of trigonometry is to find 
the distances between points or the heights of 
objects, without actually measuring these distances 
or heights. 

Angle of elevation: Suppose O, P and Q are 
three points, P being at a higher level of O and Q 
being at lower level than O. Let a horizontal line 
drawn through O meet in M, the vertical line drawn 
through P and Q. 

The angle MOP is called the angle of 
elevation of point P as seen from O. For looking at 
Q below the horizontal line we have to lower our 
eyes and “MOQ is called the angle of depression. 

We measure an angle of elevation from a horizontal line up to an object or an angle 
of depression from a horizontal line down to an object, see figure 7.5.2. 


Horizontal line 


A 


observer 


28 


Angle of elevation observer шылы 


Horizontal line 


(a) 


Fig. 7.5.2 9 Object 


7.5(i) Find angle of elevation and angle of depression: 
For finding distances, heights and angles by the use of trigonometric functions, 
consider the following examples: 
A flagpole 17.9 meter high casts a 7 meter shadow Find the 
angle of elevation of the sun. 
GSN From the figure, we observe that о is the angle of elevation. 
Using the fact that 
tan к= ac = из = 2.55714 
Solving for © gives us 
© = tan! (2.55714) 
= (68.6666)? = 68° 40” 17.9 m 
@= 68° 40’ 


An observation balloon is 4280 meter above the ground and 9613 meter away 
from a farmhouse. Find the angle of depression of the farmhouse as observed from the 
observation balloon. 
Observation 

balloon 


ш 087p 


Farm House 


B C 
For problems of this type the angle of elevation of A from B is considered equal to 
the angle of depression of B from A, as shown in the diagram. 
AC 4280 
tan 4— 56796137 0.44523 
a= tan! (0.44523) = 240 
So, angle of depression is 249. 


—— EXERCISE 7.5 = 


1. Find the angle of elevation of the sun if a 6 feet man casts а 3.5 feet shadow. 

A tree casts a 40 meter shadow when the angle of elevation of the sun 15 250, Find the 
height of the tree. 

3. A 20 feet long ladder is leaning against a wall. The bottom of the ladder is 5 feet 
from the base of the wall. Find the acute angle (angle of elevation) the ladder makes 
with the ground. 

4. The base of a rectangle 1s 25 feet and the height of the rectangle 1s 13 feet. Find the 
angle that the diagonal of the rectangle makes with the base. 

5. A rocket is launched and climbs at a constant angle of 80°. Find the altitude of the 
rocket after it travels 5000 meter. 

6. An aeroplane pilot flying at an altitude of 4000m wishes to make an approach to an 


airport at an angle of 50° with the horizontal. How far from the airport will the plane 
be when the pilot begins to descend? 

Ta A guy wire (supporting wire) runs from the middle of a utility pole to the ground. 
The wire makes an angle of 78.2° with the ground and touches the ground 3 meters 
from the base of the pole. Find the height of the pole. 

8. A road is inclined at an angle 5.7°. Suppose that we drive 2 miles up this road starting 
from sea level. How high above sea level are we? 

9. A television antenna of 8 feet height is located on the top of a house. From a point оп 

the ground the angle of elevation to the top of the house is 179 and the angle of 

elevation to the top of the antenna is 21.89. Find the height of the house. 


From an observation point, the angles of depression of two boats in line with this 
point are found to be 30? and 45?. Find the distance between the two boats if the 
point of observation is 4000 feet high. 

Two ships, which are in line with the base of a vertical cliff, are 120 meters apart. 
The angles of depression from the top of the cliff to the ships are 30? and 45°, as 
shown in the diagram. 

(a) Calculate the distance BC 

(b) Calculate the height CD, of the cliff. 


Suppose that we are standing on a bridge 30 feet above a river watching a log (piece 
of wood) floating towards us. If the angle with the horizontal to the front of the log is 
16.7? and angle with the horizontal to the back of the log is 14°, how long is the log? 


METTRE ате > 
Observer 149 


30m 


MISCELLANEOUS EXERCISE - 7 


Multiple Choice Questions 


Four possible answers are given for the following questions. Tick (v^) the correct 
answer. 


The union of two non-collinear rays, which have common end point is called 
(a) an angle (b) a degree (c) a minute (d) a radian 


"їе: system of measurement іп which the angle is measured in radians is called 


(a) CGS system (b) sexagesimal system 
(c) MKS system (d) circular system 
(ш) 209- 
(а) 360” (Б) 630” (с) 1200” (а) 3600” 


3 
(1у) T radians = 


(a) 1159 (b) 135° (c) 150° (d) 30° 
(v) If tan 0— A3, then ĝis equal to 
(a) 909 (b) 459 (c) 609 (d) 309 
(vi) sec? 0 = 
(а) 1- sin28 (b) 1 + tan2@ (с)1--сов20 (d) 1 – їап20 
- 1 1 
MD T4sin 1-sinó- 
(а) 2 sec?8 (Б) 2со820 (с) ѕес20 (а) сов Ө 


1 
(уш) 2 cosec45° = 


ozi OF (V2 RE 
(ix) sec Ocot 0- 

(a sin 6 Кт, 9 9 хт. 
(х) созес? 9- со20- 

(а) —1 (5) 1 (с) 0 (d) tan Ө 
2. Write short answers of the following questions. 
(1) Define an angle. 
(11) What is the sexagesimal system of measurement of angles? 


(ш) How many minutes are there in two right angles? 
(iv) Define radian measure of an angle. 


Лл. 
(у) Convert 4 radians to degree measure. 


(vi) Convert 15? to radians. 


(vii) | What is radian measure of the central angle of an arc 50m long on the circle of radius | 
25m? 
(viii) Find r when [= 56 cm and 0— 45° 


9 
(ix) Find tan @ when соѕ0= 21 апа terminal side of the angle 018 in fourth quadrant. 


(x) Prove that (1 — sin20) (1 + tan29 = 1 
3. Fill in the blanks 
0) mradians = — degree. 


The terminal side of angle 235? lies in 
Terminal side of the angle —30? lies in 
Area of a circular sector is =: 
If r=2 cm and 0-3 radian, then area of the circular sector is ___ 
The general form of the angle 480° is — 


1 
If sinĝ = 2? Шеп 0- 


- quadrant. 
- quadrant. 


ІҒӨ- 300°, then sec (-3009- . 
1-со206- .— — 
Sec 0— tan 0— 


=, SUMMARY = 


If we divide the circumference of a circle into 360 equal arcs, then the angle 
subtended at the centre of the circle by one arc is called one degree and is denoted by 
Г. 

The angle subtended at the centre of the circle by an arc, whose length is equal to the 
radius of the circle, is called one radian. 

Relationship between radian and degree measure 


18072 
1° = aca radians , ~ 0.0175 radians and | radian = (1%) , ~ 57.295 degrees 


Relation between central angle and arc length of a circle: [=г@ 


: 1 
Area of a circular sector, А = 2 rg 


Two or more than two angles with the same initial and terminal sides are called 
coterminal angles. 

An angle is called a quadrantal angle, if its terminal side lies on the x-axis or y-axis. 
A general angle is said to be in standard position if its vertex is at the origin and its 
initial side is directed along the positive direction of the x-axis of a rectangular 
coordinate system. 

There are six fundamental trigonometric ratios (functions) known as sine, cosine, 
tangent, cotangent, secant and cosecant. 

Trigonometric Identities: (a) соѕ20+ ѕіп20 = | 

(D  l-tan20 = ѕес20 

(c) 1-со20- соѕес20 


== Ss ——]—— | 


1 
€——————ÓÓ 
: соты а e END 


In this unit, students will learn how to 


Prove the following theorems along with corollaries and apply them to 
solve appropriate problems. 

ж In ап obtuse-angled triangle, the square on the side opposite to the 
obtuse angle is equal to the sum of the squares on the sides containing 
the obtuse angle together with twice the rectangle contained by one of 
the sides, and the projection on it of the other. 

ж In any triangle, the square on the side opposite to an acute angle is 
equal to the sum of the squares on the sides containing that acute angle 
diminished by twice the rectangle contained by one of those sides and 
the projection on it of the other. 

ж In any triangle, the sum of the squares on any two sides is equal to twice 
the square on half the third side together with twice the square on the 
median which bisects the third side (Apollonius? Theorem). 


e 


Е THEOREM1 4-5 


810) Іп ап obtuse angled triangle, the square on the side opposite to the obtuse angle 
is equal to the sum of the squares on the sides containing the obtuse angle 
together with twice the rectangle contained by one of the sides, and the 
projection on it of the other. 


Given: ABC is a triangle having an obtuse angle 
BAC at A. Draw CD perpendicular on BA produced. 
So that AD is the projection of AC on BA produced. 


Take тВС = a, mCA = b, mAB = c, 
mAD = x and mCD =h. 


To prove: (ВС)? = (АС)? + (АВ)?  2(mAB) (mAD) 


ie., а? = 2 + с? + 2сх 
| Proof: 
| Statements Reasons 
| In Zrt^ CDA, 
| mZCDA = 90° Given 
(АС)? = (АР)? + (CD)? Pythagoras Theorem 
Or b2 = x2 + h? (i) 


In Zrt^ СОВ, 
mZCDB = 90° 
(BC)? = (BDy + (СБУ 


Given 


Pythagoras Theorem 


or a@=(c+x)2+h? BD=BA+AD 
= c? + 2cx + x2 + h? (ii) 
Hence а2 = с2+ 2сх + b? Using (i) and (ii) 


Le, а?=Ь?+с?+2сх 


or (ВС)? = (АС)? + (АВ)? + 2(тАВ) (тАБ) 


(Example: Jü a AABC with obtuse angle at A, 
if CD is an altitude on BA produced and 
тАС = mAB 
Then prove that (ВС)? = 2(AB)(BD) 

Given: Іп a ДАВС, mZA is obtuse тАС =тАВ 
and CD being altitude on BA produced. 
To prove: (BC = 2(mAB)(mBD) 
Proof: In a AABC, having obtuse angle BAC at A. 
Statements | Reasons 
(ВС)? = (ВА)? + (АС)? + 2(mBA)(mAD) Ву Theorem 1 
= (АВ)? + (АВ)? + 2(тАВ)(тАР) Сіуеп 


= 2(АВ)? + 2(mAB)(mAD) 
(ВС)? = 2mAB(mAB + mAD) On the line segment BD, 
= 2mAB (mBD) Point А is between B and D 


Е--4 EXERCISE 8.1 = 


1. Given тАС = 1cm, тВС = 2cm, mZC = 120°. 


Compute the length AB and the area of AABC. 
Hint: (АВ)? = (АС)? + (ВС)? + 2mAC. mCD 
where (mCD) = (mBC) cos (180° — mZC) (Use theorem 1). 


Find m AC if in AABC m BC = 6 cm, m AB = A4|[2 cm and mZABC = 135°. 


8.1(й) 


Given: ДАВС with an acute angle САВ at A. 


Take тВС-а, mCA-b and тАВ-с 


Also, mAD=xandmCD=h 
To prove: (ВС)2= (АС)? + (АВ)? – 2(AB) (AD) 


i.e., а? = b? + c? — 2сх 
Proof: 
Statements 
In Zrt A CDA 
mZCDA= 909 
(АС)?= (АР)? + (CD)? 
іе, bDze.m (1) 
In Zrt ^ CDB, 
mz CDB = 909 


(BC)? = (BD)? + (CD)? 
а? = (с-х)2 + ћ2 
ог а? = c? —2сх + х? +12 (ii) 
а? = с^ —2сх + b? 
Hence, а2= 2 + с2 – 2сх 
іе, (ВС? = (АС)? + (АВ)? – 2(АВ) (AD) 


——) THEOREM2 — 


In any triangle, the square on the side opposite to acute angle is equal to sum of 
the squares on the sides containing that acute angle diminished by twice the 
rectangle contained by one of those sides and the projection on it of the other. 


Draw CDLAB so that AD is projection of АС on АВ 


Reasons 


Given 


Pythagoras Theorem 


Given 


Pythagoras Theorem 


From the figure 


Using (i) and (ii) 


КШ) THEOREM3 = 
(APOLLONIUS' THEOREM) 


8.1.(iii) In any triangle, the sum of the squares оп any two sides is equal to twice the 
square on half the third side together with twice the square on the median which 
bisects the third side. 


А 


Given: In а ДАВС, the median AD bisects 


BC. i.e., mBD = mCD 
To prove: (АВ)? + (AC)? = 2(Вр)2 + 2(Ар)2 


Construction: Draw AF L BC 


F D ы 
Ргоо: 
Statements | Reasons 

In AADB Since ZADB is acute at D 

(АВ)? = (ВР)? + (АБ)? — 2 mBD. mFD (i) Using Theorem 2 
Now іп AADC since ХАОС is obtuse at D 

QN 2 2 СТ) ГІ 
шонг 20 22 уе Using Theorem 1 
= (ВР)? + (ADY + 2 mBD . mFD (ii) 

Thus (ABY + (АС)2= 2(BDY + 2 (Ар)? Adding (i) and (1) 


ИИ In ДАВС, ZC is obtuse, АР ВС produced, whereas BD is projection of AB 
on ВС. Prove that (АС)? = (АВ)? + (ВС)? – 2mBC.mBD 
Given: In a ДАВС, ZBCA is obtuse so that ZB is 


acute, ADLBC produced, whereas BD is projection 
of AB on BC produced. 


To prove: (АС)? = (АВ)? + (ВС)? — 2mBC . mBD 


Statements Reasons 


In Zrt AABD 

(АВ)? = (AD)? + (ВБ)? 0) Pythagoras Theorem 
In Zrt AACD 

(АС)? = (АР)? + (CD (ii) Pythagoras Theorem 


or (AC)? = (AD)? + (BD - BC)? тВС + mCD = mBD 
(АС)? =(AD)? + (BD)? + (BC)? – 2BC.BD (11) 
| Example 2: In an Isosceles ДАВС, if A 


| ТАВ = ТАС and ВЕ 1 AC, then prove that 


(ВС)? = 2mAC.mCE Ч 
Given: In ап Isosceles ДАВС 
mAB = mAC and BE 1 AC 
whereas CE is the projection of BC upon on AC. 
To prove: (ВС)? = 2mAC . mCE B C 
Proof: 
Statements Reasons 
In an isosceles AABC with mAB = mAC. If ZC is acute, 
then (AB)? = (АС)? + (ВС)? - 2mAC.mCE By Theorem 2 
(АС)? = (АС)? + (ВС)? — 2mAC.mCE Given тАВ = тАС 
= (BC)? — 2mAC mCE = 0 Cancel (АС)? оп both sides 
or BC)? = 2mAC .mCE 
—— EXERCISE 8.2 = 
1. In a AABC calculate mBC when mAB = 6cm, mAC = 4cm and mZA = 60°. 
2. In a AABC, mAB = 6 cm, mBC = 8 cm, mAC = 9 cm and D is the mid point of side 


AC. Find length of the median BD. 
In a parallelogram ABCD prove that (AC)? + (BD)? = 2 (АВ) + (ВС)?] 


Мы о — 


10. 


MISCELLANEOUS EXERCISE 8 
In a AABC, mZA = 60°, prove that (ВС)? = (АВ)? + (АС)? — mAB . mAC. 

In a AABC, mZA = 45°, prove that (BC)? = (АВ)? + (АС)? — 4[2 mAB . mAC. 

In a AABC, calculate mBC when mAB = 5 cm, ТАС = 4 cm, mZA = 60°. 

In a AABC, calculate ТАС when тАВ = 5 сіп, тВС- 4102 ст, mz B = 45°. 

In a triangle ABC, тВС = 21 ст, тАС = 17 ст, тАВ = 10 ст. 

Measure the length of projection of AC upon ВС. 

In a triangle ABC, mBC = 21 cm. mAC - 17 cm, mAB - 10 cm. 

Calculate the projection of AB upon BC. 

In a ААВС, а = 17 сш, b = 15 cm and с = 8 cm. Find mZA. 

In а AABC, а = 17 cm, b= 15 cm and c = 8 cm find mZB. 

Whether the triangle with sides 5 cm, 7 cm, 8 cm is acute, obtuce or right angled. 


Whether the triangle with sides 8 cm, 15 cm, 17 cm is acute, obtuce or right angled. 


--44 SUMMARY == 


The projection of a given point on a line segment is the foot of L drawn from the 
point on that line segment. If CD 1 AB, then evidently D is the foot of perpendicular 
CD from the point C on the line segment AB. 


C 


А р В 
The projection of a line segment CD on a line segment AB is the portion EF of the 
latter intercepted between foots of the perpendiculars drawn from C and D. However 


projection of a vertical line segment CD on a line segment AB is a point on AB which 
is of zero dimension. 


С 
;D 


In an obtuse-angled triangle, the square оп the side opposite to the obtuse angle is 
equal to the sum of the squares on the sides containing the obtuse angle together with 
twice the rectangle contained by one of the sides, and the projection on it of the 
other. 


In any triangle, the square on the side opposite to an acute angle is equal to the sum 
of the squares on the sides containing that acute angle diminished by twice the 
rectangle contained by one of those sides and the projection on it of the other. 


In any triangle, the sum of the squares on any two 81468 18 equal to twice the square 
on half the third side together with twice the square on the median which bisects the 
third side (Apollonius! Theorem). 


инь. шини ——"—— | 
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In this unit, students will learn how to 


Prove the following theorems alongwith corollaries and apply them to 
solve appropriate problems. 


2a One and only one circle can pass through three non collinear points. 


ж A straight line, drawn from the centre of a circle to bisect a chord 
(which is not a diameter) is perpendicular to the chord. 


ж Perpendicular from the centre of a circle on a chord bisects it. 

ж If two chords of a circle are congruent then they will be equidistant from 
the centre. 

ж Two chords of a circle which are equidistant from the centre are 
congruent. 


8 


Basic concepts of the circle 


A circle is the locus of a moving point P in a plane which is always equidistant from 
some fixed point O. The fixed point O not lying on the circle is called the centre, the constant 
distance OP is its radius whereas the boundary traced by moving point P is called 


circumference of the circle. 
Note that the radial segment of a circle is 
a line segment, determined by the centre and a 
point on the circle. There is only one centre point 
whereas all the radii of a circle are equal in length. 
In the adjoining figure (1) of the circle, the 


length of radial segment = mOP = mOQ = mOT 


2nr is the circumference of a circle with 
radius г whereas an irrational number л being the 
ratio of the circumference and the diameter of a 
given circle. 

An arc ACB of a circle is any portion of 
its circumference. 

A chord AKB of a circle is a line segment 
joining any two points A and В on the 
circumference of a circle. Whereas diameter POQ 
is the chord passing through the centre of a circle. 
Evidently diameter bisects a circle. 

A segment is the portion of a circle 
bounded by an arc and a corresponding chord. 
Evidently any chord divides a circle into two 
segments. 

In figure (ii) the bigger area shown by 
slanting line segments is the major segment 
whereas the smaller area shown by shading is the 
minor segment. 

A sector of a circle is the plane figure 
bounded by two radii and the arc intercepted 
between them. Any pair of radii divides a circle 
into two sectors. 


. major sector | 


T 


C 
Fig. (1) 


B 


minor sector 


\ 
|, 


“Біз. (iii) 


In the figure (iii) OAIB is the minor sector, whereas OAJB is the major sector of the 


circle. 


ZAOB is the central angle of a circle whose vertex is at the centre O and its arms 


meet at the end points of the arc AB. 


—— ТНЕОВЕМ1 == 


9.10) One and only one circle can pass through three поп-соШпеаг points. 
Given: A, B and C are three non collinear points in 
a plane. 
То prove: Опе and only one circle can pass through 
three non-collinear points A, B and C. 
Construction: Join A with B and B with C. 
Draw DF bisector to AB and HK bisector to BC. 

So, DF and HK are not parallel and they 
intersect each other at point O. Also join A, B and C 
with point O. 


Proof: 


Statements Reasons 


122 M DF 1 bisector to АВ 
Every point on DF is equidistant from A and B. 
(construction) 
In particular mOA = mOB 0) 
Similarly every point on HK is equidistant from | HK is 1 bisector to ВС 
B and C. (construction) 
In particular mOB = mOC (ii) 


Now О is the only point common to DF and HK which 

18 equidistant from A, B and C. 

i.e., MOA = тОВ = mOC Using (1) and (ii) 
However there is no such other point expect O. | 


Hence a circle with centre O and radius OA will pass through A, B and C. 
Ultimately there is only one circle which passes through three given points A, B and C. 


Show that only one circle can be drawn 
to pass through the vertices of any rectangle. 


Given: ABCD is а rectangle. 
To Prove: Only one circle can be drawn through the 
vertices of the rectangle ABCD. 


Construction: Diagonals AC and BD of the rectangle 
meet each other at point O. 


| Ргоо: 


Statements | Reasons 


ABCD is a rectangle. Given 
тАС = mBD (i) Diagonals of а rectangle 
are equal. 
'^ AC and BD meet each other at О Construction 
.. mOA = тОС and mOB = mOD (1) Diagonals of rectangle 


bisect each other 
= тОА = тОВ = тОС = тор (iii) Using (i) and (11) 
i.e., point О is equidistant from all vertices of the 
rectangle ABCD. 


Hence OA, OB, OC and OD are the radii of the circle 
which is passing through the vertices of the rectangle 


having centre O. 
— J THEOREM2 = 


9.1(й) А straight line, drawn from the centre of a circle to bisect a chord 
(which is not a diameter) is perpendicular to the chord. 


Given: M is the mid point of any chord AB of a circle 
| with centre at О. 

| Where chord АВ 18 not the diameter of the circle. 

| To prove: OM L the chord AB. 

| Construction: Join A and B with centre О. 


| Write Z 1 and Z2 as shown in the figure. 
Proof: 


Statements | Reasons 


In A OAM <> ЛОВМ 


Кади of the same circle 


mOA = mOB 
ИРИ Сіуеп 
МЕ Ор Соттоп 
АОАМ = АОВМ SSS ENSS 
= mZ1=mZ2 (i) Corresponding angles of 


congruent triangles 
Adjacent supplementary angles 


From (1) and (11) 


ie, mZ1+mZ2=mZAMB = 180° (ii) 
5, unes2-e9 


i.e., OM 1 АВ 


ЕЕ Theorems = 
9.1 (iii) Perpendicular from the centre of a circle on a chord bisects it. 
Given: AB is the chord of a circle with centre at O 
so that OM L chord AB. 
To prove: M is the mid point of chord AB 

i.e., тАМ = mBM 
Construction: Join A and B with centre O. 


Proof: 


Statements 


Іп Zrt Аз OAM <> OBM 
mZOMA = mZOMB = 90? Given 
hyp. тОА = hyp. тОВ. Radii of the same circle 
тОМ = тОМ Common 
AOAM = AOBM In rt^ H.SZH.S 
Hence, тАМ = mBM Corresponding sides of 


congruent triangles 


от» ОМ bisects the chord АВ. 


Corollary 1: _L bisector of the chord of a circle passes through the centre of a circle. 
Corollary 2: Тһе diameter of a circle passes through the mid points of two parallel chords 
of a circle. 
Parallel lines passing through the points of intersection 
of two circles and intercepted by them are equal. 
Given: Two circles have centres О, and О.. 
They intersect each other at points E and F. 
Line segment AB || Line segment CD 
To Prove: тАВ = mCD 
Construction: Draw PT and RS 1 both AB and 
CD and join the centres О, and O}. 
Proof: 


Statements Reasons 


PRST is a rectangle Construction 
т РК = т 15 (i) 
Now mPR=mPE+mER 


21 a 


2 2 Ву Theorem 3 


(т АВ) (i) mAE + mEB = mAB 


Similarly m T$ = I mCD (iii) 


: тАВ = 5 mCD Using (i), (ii) and (iii) 
mAB = mCD 


—, EXERCISE 9.1 = 


Prove that, the diameters of a circle bisect each other. 
Two chords of a circle do not pass through the centre. Prove that they cannot bisect 


each other. 

3. If length of the chord AB = 8cm. Its distance from the centre is 3 cm, then find the 
diameter of such circle. 

4. Calculate the length of a chord which stands at a distance 5cm from the centre of a 


circle whose radius is 9cm. 


Е ТНЕОВЕМ 4 = 


9.10) If two chords of а circle are congruent then 
they will be equidistant from the centre. 


Given: AB and CD are two equal chords of a circle 
with centre at O. 
So that OH 1 AB and OK 1 CD. 

To prove: mOH -тОК 

Construction: Join O with A and O with C. 


So that we have Z rt^? OAH and ОСК. B D 
Proof: 
Statements | Reasons 
OH bisects chord AB ОН LAB By Theorem 3 


< eo 
i.e., mAH = 2 тАВ (1) 


Similarly OK bisects chord CD OK LCD By Theorem 3 


But mAB = mCD Gii) | Given 

Hence mAH = тСК Gv) | Using G), Gi) & (iii) 

Now in Zrt Аз OAH <> ОСК Given OH L AB and OK L CD 
hyp OA = hyp OC Radii of the same circle 
Sn ORK Already proved in (iv) 
АОАН = AOCK Н. $ postulate 


= mOH = mOK 


г-і| THEOREMS Е 


9.1(v) Two chords of a circle which are equidistant 
from the centre, are congruent. 


Given: AB and CD are two chords of a circle with centre at O. 
OH LAB and OK L CD, so that mOH = mOK 


To prove: тАВ = mCD 
Construction: Join A and C with O. So that we can form 
ZrtA’ OAH and ОСК. 


Proof: 


Statements Reasons 


Іп “гі 45 OAH <> ОСК. 

hyp OA = hyp OC Radii of the same circle. 

тОН = mOK Given 

A OAH = A ОСК H.S Postulate 
So mAH = mCK (i) Corresponding sides of 

congruent triangles 

But mAH= - mAB (ii) | OH LchordAB (Given) 
Similarly mCK = - mCD (iii) | OK.Lchord CD (Given) 
Since mAH =mCK Already proved in (1) 

Im АВ = 5 т CD Using (ii) & (iii) 


or m AB = m CD 


Prove that the largest chord in a circle is the diameter. 


Given: AB is а chord and CD is the diameter of а circle 
with centre point O. 


| To prove: If AB and CD are distinct, then mCD » mAB. 
Construction: Join О with A and О with B then form a А OAB. 


Proof: Sum of two sides of a triangle is greater than its third side. 


In AOAB = тОА + mOB > mAB 0) 


But OA and ОВ are the radii of the same circle with centre О. 


So that mOA + mOB = mCD (ii) 


=> Diameter CD > chord АВ using (i) & (ii). 
Hence, diameter CD is greater than any other chord drawn in the circle. 


—— EXERCISE 9.2 = 


1. Two equal chords of a circle intersect, show that the segments of the опе are equal 


corresponding to the segments of the other. 

2. AB is the chord of a circle and the diameter CD is perpendicular bisector of AB. 
Prove that mAC = mBC. 

3. As shown in the figure, find the distance between 
two parallel chords AB and CD. 


C 


MISCELLANEOUS EXERCISE 9 


Multiple Choice Questions 


q 
© 
В 


| 1. Four possible answers аге given for the following questions. 
Tick (У) the correct answer. 


(i) In the circular figure, ADB is called 
(a) ап агс (b) asecant 
(c)  achord (d) a diameter 


(iii) 


(iv) 


(у) 


(уі) 


(уй) 


(viii) 


(ix) 


(x) 


(хі) 


(xii) 


In the circular figure, ACB is called 


(a)  anarc (b) a secant 
(c)  achord (d) a diameter B 


In the circular figure, AOB is called 
(a) апагс (b) asecant 
(c)  achord (d) a diameter 


In a circular figure, two chords AB and CD are 
equidistant from the centre. They will be ү 


(a) parallel (b) non congruent 
(c) congruent (d) perpendicular 
C WEE D 
Radii of a circle are 
(a)  allequal (b) double of the diameter 
(c) all unequal (d) half of any chord 
A chord passing through the centre of a circle is called 
(a) radius (b) diameter 
(c) | circumference (d) secant 
Right bisector of the chord of a circle always passes through the 
(a) radius (b) circumference 
(c) centre (d) | diameter 
The circular region bounded by two radii and the corresponding arc is called 
(a) | circumference of a circle (b) sector of a circle 
(c) diameter of a circle (d) segment of a circle 
The distance of any point of the circle to its centre is called 
(a) radius (b) diameter (c)  achord (d)  anarc 
Line segment joining any point of the circle to the centre is called 
(a) | circumference (b) diameter 
(c) | radial segment (d) perimeter 


Locus of a point in a plane equidistant from a fixed point is called 


(a) radius (b) circle (c) | circumference (d) diameter 


The symbol for a triangle is denoted by 
(a) 4 (b A (с) L (4) © 


А complete circle is divided into 
(а) 90degrees (b) 180degrees (c) 270 degrees (d) 360 degrees 
(xiv) Through how many non collinear points, can a circle pass? 


(a) опе (b two (c) three (d) none 

Q.2.  Differentiate between the following terms and illustrate them by diagrams. 
(i) A circle and a circumference. 
(ii) A chord and the diameter of a circle. 


(iii) A chord and an arc of a circle. 

(iv) Minor arc and major arc of a circle. 
(v) Interior and exterior of a circle. 

(vi) A sector and a segment of a circle. 


204) SUMMARY = 


» 2mr 18 the circumference of a circle with radius г. 
» лг? is the area of a circle with radius г. 


» Three or more points lying on the same line are called collinear points otherwise 
they are non-collinear points. 


» The circle passing through the vertices of a triangle is called its circumcircle 
whereas L bisectors of sides of the triangle provide the centre. 


» One and only one circle can pass through three non-collinear points. 


» A straight line, drawn from the centre of a circle to bisect a chord (which is not a 
diameter) is perpendicular to the chord. 


» Perpendicular from the centre of a circle on a chord bisects it. 
» If two chords of a circle are congruent, then they will be equidistant from the centre. 


Two chords of a circle which are equidistant from the centre are congruent. 


SS — -—— 1 


qe, я 
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In this unit, students will learn how to 
Prove the following theorems alongwith corollaries and apply them to 
solve appropriate problems. 


ж If а line is drawn perpendicular to a radial segment of a circle at its 
outer end point, it is tangent to the circle at that point. 

ж The tangent to a circle and the radial segment joining the point of 
contact and the centre are perpendicular to each other. 

2a The two tangents drawn to a circle from a point outside it, are equal in 
length. 

ж If two circles touch externally or internally, the distance between their 
centres is respectively equal to the sum or difference of their radii. 


© 


Definition: A secant is а straight line which cuts the circumference of a circle in two distinct 
points. In the figure / indicates the secant line to the circle C}. 


Definition: A tangent to a circle is the straight line which touches the circumference at a 
single point only. The point of tangency is also known as the point of contact. In the figure 


ә 
AB indicates the tangent line to the circle C}. 


у VER 


Е ТНЕОВЕМ1 = 


10.1(4) Ка line is drawn perpendicular to a radial segment of a circle 
at its outer end point, it is tangent to the circle at that point. 


/ C 


А Р С В 


==. <> юэ? 
Given: А circle with centre О and ОС is the radial segment. АВ is perpendicular to ОС 
at its outer end C. 


<> 
To prove: AB is a tangent to the circle at С. 


<> 
Construction: Take any point P other than C on АВ. join О with P. 
Proof: 


Statements Reasons 
In AOCP, 
E хог 
mZOCP = 90° AB 1 OC (given) 
Acute angle of right angled 


and = mZOPC < 90? 3 
triangle. 
= ass Greater angle has greater side 
mOP > тОС opposite to it. 


Р is a point outside the circle. OC is the radial segment. 
<> 
Similarly, every point оп AB except C 
lies outside the circle. 


<> 
Hence АВ intersects the circle at one point С only. 


222 
вет АВ is a tangent to the circle at one 


point only. 
= THEOREM2 = 


10.1(ї1) The tangent to a circle and the radial segment joining the point of contact 
and the centre are perpendicular to each other. 


Given: In acircle with centre O has radius OC, 
e 
AB is the tangent to the circle at point C. 
e ЭХЭ 
То prove: АВ and radial segment ОС are perpendicular to each other. 


e 
Construction: Take any point P other than C on the tangent line AB. 
Join O with P so that OP meets the circle at D. 
Proof: 


Statements Reasons 


T 
AB is the tangent to the circle at point C. Whereas | Given 


OP cuts the circle at D. Construction 
mOC = тор (i) | Radii of the same circle 
But mOD « m OP (ii) | Point P is outside the circle. 
mOC « mOP Using (1) and (11) 


So radius OC is shortest of all lines that can be 
drawn from О to the tangent line AB 


сэт <> 
Also ОС1АВ 
Hence, radial segment ОС is perpendicular to the 


tangent AB. 


Corollary: There can only be one perpendicular drawn to the radial segment OC at the point 
C of the circle. It follows that one and only one tangent can be drawn to the circle at 
the given point C on its circumference. 


| —, THEOREM3 |-ш 


10.1(їйї) Two tangents drawn to а circle from a point outside it, are equal іп length. 


| > > 
| Given: Two tangents PA and PB are drawn from an external point Р to the 
circle with centre O. 


To prove: тРА = тРВ 
Construction: Join О with A , B and P, 
so that we form ZrtA* ОАР апа ОВР. 


Proof: 


(^ — — Фаешеізв | Кезбе 000 
In тї А ОАР <> OBP 
mZOAP = mZOBP = 90° Radii L to the tangents Аа РВ 
hyp. OP = hyp. ОР Common 
HON a ОБ Radii of the same circle. 
<. А ОАР Z А OBP In Zrt Н.$ 2Н.$ 


Непсе, тРА = тРВ 
Note: The length of a tangent to a circle is measured from the given point 
to the point of contact. 


> -» 
Corollary: НО is the centre of а circle and two tangents PA and PB аге drawn from an 
| 2—2 = 
external point P then ОР 15 the right bisector of the chord of contact AB. 


(ӨРД АВ is a diameter of a given circle with centre О. Tangents are drawn at the end 
| points A and B. Show that the two tangents are parallel. 


С 


Given: AB is a diameter of a given circle with centre О. 
CD is the tangent to the circle at point A 
and EF is an other tangent at point B. 


To prove: CD // EF 


Proof: 
Statements Reasons 
AB is the diameter of a circle with centre O. Given 
OA and OB are radii of the same circle. 
< ? 
Moreover CD is a tangent to the circle at A. Given 
2 > 
OA LCD By Theorem 1 
= < 
AB І CD (1) 
D хий А Сі 
Similarly ЕР is tangent at point В. уеп 
бо ОВ 1 Ер By Theorem 1 
> > 
= AB L EF (ii) 
Hence СРП EF From (i) and (ii) 


e e 
(CD and EF are perpendicular 
to AB) 


| Example Э In a circle, the tangents drawn at the ends of a chord, 
make equal angles with that chord. 


Given: AB is the chord of a circle with centre O. 
CAD is the tangent at point A апа EBF is an other tangent at point В. 
To prove: mZBAD = mZABF 


| Construction: Join О with A and B so that we form a AOAB 
then write Z1, Z2, Z3 and Z4 as shown in the figure. 
Proof: 


Statements | Reasons 


In A OAB Construction 
` m OA = mOB Radii of the same circle. 
222271 @ Angles opp. to equal sides 
of AOAB 
Also 22 OAL ёр Radius is 1 to the tangent line 
2. mZ3 =mZOAD = 90° (ii) 
Similarly OB 1 EF Radius is | to the tangent 
. mZ4 =mZOBF = 90? (iii) 
Hence m Z3 =m Z4 (iv) | Using (ii) and (11) 
=; mZ1+mZ3=mZ2+mZ4 Adding (1) and (iv) 


ie., mZBAD = mZABF 


E EXERCISE 10.1 = 


ПІ; Prove that the tangents drawn at the ends of a diameter іп a given circle 
must be parallel. 
2- The diameters of two concentric circles are 10cm 


and 5cm respectively. Look for the length of any 
chord of the outer circle which touches the inner 
one. 


(Hint) From the figure 
mAB = 2x = 2 425 — 6.25 = 2418.75 = 8.7cm 


oe o 
3. AB and CD are the common tangents drawn to the pair of circles. 
If A and C are the points of tangency of 1st circle where B and D 


are the points of tangency of 2nd circle, then prove that AC // BD. 


=— THEOREM 4(А) hE 


10.1(iv) If two circles touch externally then the distance between their centres 
is equal to the sum of their radii. 


A 


B 
Given: Two circles with centres D and F respectively touch each other externally at point C. 
So that CD and CF are respectively the radii of the two circles. 


To prove: Point C lies on the join of centres D and F and mDF = mDC + mCF 


Ж---2-» 
Construction: Draw АСВ as а common tangent to the pair of circles at С. 


Statements Reasons 
Both circles touch externally at C whereas CD is 


radial segment and ACB is the common tangent. 


mZACD - 90? 0) 


Radial segment CD 1 the 
tangent line AB 


Similarly CF is radial segment 
and ACB is the common tangent 


mZACF - 90? (ii) 
mZACD + mZACF = 90° + 90° 
mZDCF = 180° (iii) 


Radial segment CF 1 the 
tangent line AB 

Adding (i) and (ii) 

Sum of supplementary 
adjacent angles 


Hence DCF is a line segment with point C between 
D and F 
and | mDF = mDC + mCF 


— EXERCISE 10.2 he 


1. AB and CD are two equal chords іп a circle with centre О. Н апа К are respectively 
the mid points of the chords. Prove that НК makes equal angles with AB and CD. 
2. The radius of a circle is 2.5 cm. АВ and CD are two chords 3.9cm apart. 


If mAB - 1.4 cm, then measure the other chord. 
3. The radii of two intersecting circles are 10cm and 8cm. If the length of their common 
chord is 6cm then find the distance between the centres. 


4. Show that greatest chord in a circle is its diameter. 


==) THEOREM 4(В) = 


10.1(v) If two circles touch each other internally, then the point of contact lies on the 
line segment through their centres and distance between their centres is equal to 
the difference of their radii. 


А 


Given: Two circles with centres D апа F touch each other internally at point С. 
So that CD and CF are the radii of two circles. 
To prove: Point C lies on the join of centres D and F extended and m DF = mDC — mCF 


Е 
Construction: Draw ACB as the common tangent to the pair of circles at С. 


Proof: 


Statements Reasons 


с—===Р 
Both circles touch internally at C whereas АСВ is the 


common tangent and CD is the radial segment of the 
first circle. 


= jo 1 — 
цаг :) Radial segment CD 4 the 


tangent line AB 
Кк---Э жээ. 
Similarly АСВ is the common tangent and CF 
18 the radial segment of the second circle. 
mZACF = 90? (11) Radial segment CF 1 the 
tangent line AB. 
= mZACD = т/АСЕ = 90° Using (1) and (ii) 


Where ZACD and ZACF coincide each other 
with point F between D and C. 
Hence mDC = mDF + mFC 
1.е., mDC — тЕС = mDF 
Or mDF = тс — mFC 
Three circles touch in pairs externally. Prove 


that the perimeter of a triangle formed by joining centres is 
equal to the sum of their diameters. 


Given: Three circles have centres A, B and C their radii are 
гу, ту and г; respectively. They touch in pairs externally at D, 


E and F. So that AABC is formed by joining the centres of 
these circles. 


To prove: 
Perimeter of ДАВС = 2r, + 2r, + 2r4 = di +d, + d3 


= Sum of the diameters of these circles. 


Statements Reasons 


Three circles with centres А, B and C touch 
in pairs externally at the points, D, E and F. 


mAB = mAF + mFB 0) 
тВС = mBD + mDC (ii) 
and МСА = mCE + mEA (iii) 
mAB + mBC + mCA = mAF + mFB + mBD Adding (1), (ii) and (iii) 


+ mDC + mCE + mEA 
= (mAF + mEA) + (mFB + mBD) 
+ (mCD + mCE) 
Perimeter of AABC = 2r, + 2r, + 2r, d, = 2r,, d, = 2r, and d, = 2r, 
-4,-4,44, are diameters of the circles. 


= Sum of diameters of the circles. 


— EXERCISE 10.3 = 


1. Two circles with radii 5cm апа 4cm touch each other externally. Draw another circle 
with radius 2.5cm touching the first pair, externally. 
2. If the distance between the centres of two circles is the sum or the difference of their 


radii they will touch each other. 


MISCELLANEOUS EXERCISE 10 


Multiple Choice Questions 
1. Four possible answers аге given for the following questions. 
Tick (У) the correct answer. 


(1) In the adjacent figure of the circle, the line 


+—» 

РТО is named as 

(a) an arc (b) a chord 
(c) a tangent (d) a secant 


(11) 


(iv) 


(v) 


(vi) 


(vii) 


(viii) 


х) 


Та а circle with centre О, if OT is the radial 
-- 

segment and РТО is the tangent line, then T 
— $2. =s e 

(a) _ ОТ1РО (b OTLPO 
—— SS 

(c) OT // PQ 

(d) OT is right bisector of PQ 


In the adjacent figure, find semicircular area 
if т = 3.1416 and тОА = 20cm. 

(a) 62.83sq cm (b) 314.16sq cm 

(c) 436.2084 сап (а) 628.3254 ст 


In the adjacent figure. find half the perimeter of 
circle with centre О if л = 3.1416 and 
тОА = 20cm. 

(a) 31.42 cm (b) 62.832 cm 

(c) 125.65 cm (d) 188.50 cm 


A line which has two points in common with a circle is called: 
(a) sine of a circle (b) cosine of a circle 
(c) tangent of a circle (d) secant of a circle 


A line which has only one point in common with a circle is called: 


(a) sine оға circle (b) cosine of a circle 

(c) tangent of a circle (d) secant of a circle 

Two tangents drawn to a circle from a point outside it are of ....... in length. 
(a) half (b) equal (c) | double (d) triple 


A circle has only one: 
(a) secant (b) chord (c) | diameter (d) centre 
A tangent line intersects the circle at: 


(a) three points (b) two points (c) single point (d) no point at all 


(хі) 


(хи) 


(xiii) 


Tangents drawn at the ends of diameter of a circle are ....... to each other. 
(a) parallel (b) non-parallel (c)  collinear (d) perpendicular 
The distance between the centres of two congruent touching circles externally is: 


(a) of zero length (b) the radius of each circle 
(c) the diameter of each circle (d) twice the diameter of each circle 
In the adjacent circular figure with centre O and radius B 


5cm, the length of the chord intercepted at 4cm away 
from the centre of this circle is: 


(а) 4cm (b) бст © 
(c) ст (d) 9ст 4 О 


In the adjoining figure, there is а circle with centre О. 
If DC // diameter AB and mZAOC = 120°, then 
mZACD is: 

(a) 40? (b) 30? 
(c) 50° (d) 60? 


Е—) SUMMARY = 


A T Tangent 


A secant is a straight line which cuts the circumference of a circle in two distinct 
points. In the figure, the secant CD cuts the circle at two distinct points P and Q. 

A tangent to a circle is the straight line which touches the circumference at one point 
only. The point of tangency is also known as the point of contact in the figure. AB is 


the tangent line to the circle at the point T. 


Га line is drawn perpendicular to a radial segment of a circle at its outer end point, it 
is tangent to the circle at that point. 


The tangent to a circle and the radial segment joining the point of contact and the 
centre are perpendicular to each other. 


The two tangents drawn to a circle from a point outside it, are equal in length. 


If two circles touch externally or internally, the distance between their centres is 
respectively equal to the sum or difference of their radii. 


== SSS ——"— | 
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In this unit, students will learn 


ж If two arcs of a circle (or of congruent circles) are congruent, then the 
corresponding chords are equal. 

ж If two chords of a circle (or of congruent circles) are equal, then their 
corresponding arcs (minor, major or semi-circular) are congruent. 

22 Equal chords of a circle (or of congruent circles) subtend equal angles 
at the centre (at the corresponding centres). 

ж If the angles subtended by two chords of a circle (or congruent circles) 
at the centre (corresponding centres) are equal, the chords are equal. 


E 


ШЫ THEOREM1 == 
11.10) If two arcs of a circle (or of congruent circles) are congruent 


then the corresponding chords are equal. 
B 


D 
Given: ABCD and A'B'C'D' are two congruent circles 


with centres O and O' respectively. So that mÁDC = тАЛУС 
To prove: mAC = mA'C' 
Construction: Join O with A, O with C, O’ with A’ and O’ with C’. 
So that we can form А” OAC and O'A'C*. 


Proof: 
Statements | Reasons 
In two equal circles ABCD and A'B'C'D' Given 


with centres О and О’ respectively. 


mÁDC = mA D'C Given 
m L AOC 2m Z A'O'C Central angles subtended by 
equal arcs of the equal circles. 

Now іп AAOC <> AA'O'C" 

тОА = mO'A' Radii of equal circles 

mZAOC - mz А’О’С Already Proved 

mOC = mÓ'C' Radii of equal circles 

AAOCZAA'O'C S.A.S Z S.A.S 


and in particular тАС = m A’C’ 


Similarly we can prove the theorem in the same circle. 


Е THEOREM2 Ц-5 


Converse of Theorem 1 
11.1(й) If two chords of a circle (or of congruent circles) are equal, then 
their corresponding arcs (minor, major or semi-circular) are congruent. 
In equal circles or in the same circle, if two chords are equal, 
they cut off equal arcs. 


Given: ABCD and A'B'C'D' are two congruent circles with centres O and O' respectively. 
So that chord mAC = mA’C’. 

To prove: mÁDC = mA DC 

Construction: Join O with A, O with C, О’ with А "апа О’ with С”. 

Proof: 


Statements Reasons 
In ХАОС © AA'O'C 
тОА = тО’А’ Radii of equal circles 
mOC = тО'С' Radii of equal circles 
тАС=тА'С' Сіуеп 
ААОС=АА'О'С' S.S.S Z S.S.S 


=> mZAOC = mzA'O'C' 


„ч 


Hence тАРС-тАЛУС” 


Arcs corresponding to equal central angles. 


[ Example 1: УЛ point P on the circumference is equidistant from the radii ОА and OB. 
Prove that т AP =т ВР 
Given: АВ is Фе chord of a circle with centre О. Point P 
on the circumference of the circle is equidistant from the 
radii OA and OB 
so that mPR = mPS. 


To prove: m AP = т BP 


2 


m _f& 


Construction: Join O with P. Write Z1 and Z2 as shown in 


the figure. Р 
Ргоо: 
Statements | Reasons 
In Zrt AOPR and Zrt AOPS 
m ОР=т ОР Соттоп 
m PR =m PS Point P is equidistance from radii 
(Given) 
AOPR Z ^ OPS (In ZrtA* H.S = H.S) 
So mZ/l=m /2 Central angles of a circle 


= Chord AP Z Chord BP 


peo рас Arcs corresponding to equal chords іп а 
Hence mAP-mBP circle. 


= THEOREM3 == 
11.1(йі) Equal chords of a circle (or of congruent circles) subtend equal angles 
at the centre (at the corresponding centres). 


B 


D 
Given: ABC and A'B'C' are two congruent circles with centres O and O' respectively. 


Mathematics 10 


| To prove: ХАОС = ZA'O'C' 
Construction: Let if possible mZAOC + mZA'O'C' then consider ХАОС = ZA'O'D' 


Proof: 


Statements Reasons 
ZAOC = ZA'O'D' Construction 
AC = АТ (1) Arcs subtended by equal 
Central angles in congruent 
circles 
тАС = mÁ'D' (1) Using Theorem 1 
But mAC=mA’C’ (11) Given 
5 "АС = mA'D' Using (ii) and (iii) 
Which is only possible, if C' concides with D'. 
Hence т/АОС = mZA'O'D' (iv) 
But | mZAOC = mZA'O'D' (v) Construction 
EX mZAOC = mZA'O'C Using (iv) and (v) 


Corollary 1. Іп congruent circles or in the same circle, if central angles are equal 
then corresponding sectors are equal. 
Corollary 2. In congruent circles or in the same circle, unequal arcs will subtend unequal 
central angles. 
[ Example 1: Тс internal bisector of a central angle in a circle bisects an arc 
on which it stands. 


Solution: In a circle with centre О. ОР is an internal bisector 
of central angle AOB. 


To prove: AP = ВР ДУ 


Construction: Draw AP and BP, then write 71 and /2 
as shown in the figure. А В 


Proof: 


Statements Reasons 


In AOAP <> ЛОВР 
т ОА = т ОВ Radii of the same circle 
т/А-т/2 Given OP as an angle bisector of 
ZAOB 
and m OP =m OP Common 


(S.A.S Z S.A.S) 


ЛОАР т.ЛОВР 
Hence AP = BP 


Arcs corresponding to equal chords 


=> AP = BP in a circle. 


In a circle if any pair of diameters are L to D 
each other then the lines joining its ends in order, form a 
square. 


Given: AC and BD are two perpendicular diameters ng 
of a circle with centre O. So ABCD is a quadrilateral. А С 


To prove: ABCD is а square 


Construction: Write 41, 22, 23, Z4, Z5 and Z6 
as shown in the figure. 


B 
Proof: 
Statements Reasons 
AC and BD are two 1 diameters of a circle with centre О | Given 
т/1-т/2-т/3-т/4 = 90° Pair of diameters are L to each 
other. 
АВ z mBC = Ti 2 mDA | Arcs opposite to the equal 
central angles in a circle. 
5 m AB = m BC = mCD = mDA (1) Chords corresponding to equal 
arcs. 
Moreover mZA = mZ5 + mZ6 
= 45° + 45° = 90° (11) 
Similarly mZB=mZC=mZD = 90° (iii) 
Hence ABCD is a square Using (1), (1) and (11). 
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——) THEOREM4 = 


11.1(iv) If the angles subtended by two chords of a circle (or congruent circles) 


at the centre (corresponding centres) are equal, the chords are equal. 


B 


Given: ABCD and A'B'C'D' аге two congruent circles with centres 
О and О” respectively. AC and A'C' are chords of circles ABCD and A'B'C'D' 
respectively and т ХАОС = mZA'O'C 
To prove: mAC = mA'C' 
Proof: 


Statements Reasons 


In AOAC э AO'A'C 


тОА = тО/А! Radii of congruent circles 
mZAOC = mZA'O'C' Given 
mOC = mÓ'C' Radii of congruent circles 


AOAC = AO'A'C" SAS = SAS 


Hence тАС = mA’C’ 


(1) 


(iii) 


(iv) 


(у) 


(уі) 


(уй) 


(viii) 


(ix) 


(x) 


SSS 11.1 h 


In a circle two equal diameters AB and CD intersect each other. 

Prove that m AD = m BC. 

In a circle prove that the arcs between two parallel and equal chords are equal. 
Give a geometric proof that a pair of bisecting chords are the diameters of a circle. 
If C is the mid point of an arc ACB in a circle with centre O. Show that 

line segment OC bisects the chord AB. 


MISCELLANEOUS EXERCISE 11 


Multiple Choice Questions 

Four possible answers are given for the following questions. 
Tick (У) the correct answer. 

A 4 cm long chord subtands a central angle of 60?. The radial segment of this circle 
18: 

(а) 1 (5) 2 (с) 3 (d) 4 

The length of a chord and the radial segment of a circle are congruent, the central 
angle made by the chord will be: 

(a) 309 (b) 459 (c) 60° (d) 75? 

Out of two congruent arcs of a circle, if one arc makes a central angle of 30? then the 
other arc will subtend the central angle of: 

(а) 159 (b) 30? (c) 45° (d) 60? 

An arc subtends a central angle of 40? then the corresponding chord will subtend a 
central angle of: 

(a) 20? (b) 40? (c) 60? (4) 80° 

A pair of chords of a circle subtending two congruent central angles is: 

(а) congruent (b) incongruent (c) overlapping (d) parallel 

If an arc of a circle subtends a central angle of 60°, then the corresponding chord of 
the arc will make the central angle of: 

(а) 20 (b) 40° (c) 609 (d) 80? 

The semi circumference and the diameter of a circle both subtend a central angle of: 
(a) 90? (b) 180? (c) 270° (d) 360? 

The chord length of a circle subtending a central angle of 180? is always: 

(a) less than radial segment (b) equal to the radial segment 

(c) | double of the radial segment (d) попе of these 

If a chord of a circle subtends a central angle of 60°, then the length of the chord and 
the radial segment are: 

(a) congruent (b) incongruent (c) parallel (d) perpendicular 
The arcs opposite to incongruent central angles of a circle arc always: 

(a) congruent (b) incongruent (c) parallel (d) perpendicular 


—" SUMMARY ЕЕ 

The boundary traced by a moving point in a circle is called its circumference whereas 
any portion of the circumference will be known as an arc of the circle. 

The straight line joining any two points of the circumference is called a chord of the 
circle. 

The portion of a circle bounded by an arc and a chord is known as the segment of a 
circle. 

The circular region bounded by an arc of a circle and its two corresponding radial 
segments is called a sector of the circle. 

A straight line, drawn from the centre of a circle bisecting a chord is perpendicular to 
the chord and conversely perpendicular drawn from the centre of a circle on a chord, 
bisects it. 


If two arcs of a circle (or of congruent circles) are congruent, then the corresponding 
chords are equal. 


If two chords of a circle (or of congruent circles) are equal, then their corresponding 
arcs (minor, major or semi-circular) are congruent. 


Equal chords of a circle (or of congruent circles) subtend equal angles at the centre 
(at the corresponding centres). 


If the angles subtended by two chords of a circle (or congruent circles) at the centre 
(corresponding centres) are equal, the chords are equal. 


== SSS — -—— 1 
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In this unit, students will learn 


ж The measure of a central angle of a minor arc of a circle, is double that 
of the angle subtended by the corresponding major arc. 


2a Any two angles in the same segment of a circle are equal. 

2a The angle 

e ina semi-circle is a right angle, 

e ina segment greater than a semi circle is less than a right angle, 

e inasegment less than a semi-circle is greater than a right angle. 

2a The opposite angles of any quadrilateral inscribed in a circle are 
supplementary. 


EI 


| 


Е) ТНЕОВЕМ1 — 


12.1(i)The measure of a central angle of a minor arc of a circle, is double 


that of the angle subtended by the corresponding major arc. B 
Given: AC is an arc of a circle with centre O. 
Whereas Z АОС is the central angle 
and Z ABC is circum angle. 
To prove: m ХАОС = 2m ZABC 
Construction: Join B with O and produce it 
to meet the circle at D. 4 с 
Write angles Z1, Z2, Z3, Z4 Z5 and 26 as shown in the figure. D 
| Proof: 
Statements Reasons 
As mZ1=mZ3 (i) Angles opposite to equal sides in AOAB 
and mZ2=mZ4 (ii) Angles opposite to equal sides in AOBC 
Now  mz5zmzl-4mz3 (ш) External angle is the sum of internal 
Similarly mZ6 = mZ2 + mZ4 со 
Again т/5 = т/3 + т/3 = 2т/3 (v) Using (1) апа (iii) 
and mZ6=mZ4+mZ4=2mZ4 (vi) Using (ii) and (iv) 
Then from figure 
= mZ5 + mZ6-2mZ3 + 2mZ4 Adding (v) and (vi) 
= mZAOC = 2(mZ3 + mZ4) = 2m ZABC 


[ Example: Тһе radius of a circle is 1/2 cm. А chord 2 cm in length divides the circle 
into two segments. Prove that the angle of larger segment is 45°. 


€ 


Жо” 
Given: Ina circle with centre О and radius m OA = т OB -А(2 cm, 


The length of chord AB = 2 cm divides the circle into two segments with ACB as 
larger one. 


То ргоуе: mZACB = 45? 
Construction: Join O with A and O with B. 


Proof: 
Statements Reasons 
In A OAB тОА = тОВ = 42 cm 
(OA)? + (OB = (2 + (У 
225 аа 
= (2 = (АВ)? Given m АВ = 2 cm 
AAOB is right angled triangle 


Which being а central angle 
standing on an arc AB 


With m ZAOB - 90? 


1 
Then т/АСВ- 2 mZAOB By theorem 1 


Circum angle is half of the 


central angle. 


=, THEOREM 2 8 


12.1(ii) Any two angles in the same segment of a circle are equal. 


Given: Z ACB and Z ADB are the circum angles 
in the same segment of a circle with centre O. 


To prove: m ZACB = m ZADB 
Construction: Join O with A and O with B. 
So that ZAOB is the central angle. 


1 
= = 


РгооЁ: 


Statements Reasons 
Standing on the same arc AB of a circle. 
ZAOB is the central angle whereas Construction 
ZACB and ZADB are circum angles 

2 mZAOB = 2mZACB (1) 
and т/АОВ-?2т/АрВ (ii) 
= 2mZACB = 2т АБВ 


Hence, mZACB = т АРБ 


Given 

By theorem 1 
By theorem 1 
Using (1) and (ii) 


К] THEOREM3 (—3 
12.1(iii) The angle | 


e ina semi-circle is а right angle, 
e in a segment greater than a semi circle is less than a right angle, 
e ina segment less than a semi-circle is greater than a right angle. 


Fig. I Fig. II 


Given: AB is the chord corresponding to an arc ADB 
Whereas Z AOB is a central angle and Z ACB is 
a circum angle of a circle with centre O. 
To prove: Infig (I) If sector АСВ is a semi circle 
then mZACB = 1Zrt 
Infig (II) Ifsector АСВ is greater than a semi circle 
then mZACB < 1Zrt 
Infig (Ш)  Ifsector АСВ is less than a semi circle 
then mZACB > 1411 


Statements Reasons 


In each figure, AB is the chord of a circle with centre O. | Given 
Z AOB is the central angle standing on an arc ADB. 
Whereas ZACB 15 the circum angle сілеп 


Such that mZAOB = 2mZACB (1) Ву Шеогет 1 

Now in fig (I т/АОВ = 180? A straight angle 
mZAOB = 2Zrt (11) 

> mZACB = lZrt Using (i) and (11) 


In fig (II) mZAOB « 1809 
mZAOB « 2Zrt 


mZACB « 1211 
In fig (Ш) mZAOB > 180° 


mZAOB > 2Zrt (iv) 
= 2mZACB > 2Zrt Using (1) and (iv) 
= mZACB > 1411 


Corollary 1. Тһе angles subtended by an arc at the circumference of a circle are equal. 


Corollary 2. The angles in the same segment of a circle are congruent. 


— à THEOREM4 == 


12.1(іу) Тһе opposite angles of апу quadrilateral inscribed in a circle 
are supplementary. D 


B 
Given: ABCD is a quadrilateral inscribed in a circle with centre O. 


mZA+mZC -2 Zrts 
mZB+mZD=2 Zrts 


To prove: | 


Construction: Draw ОА and ОС. 
Write Z1, Z2, Z3, Z4, Z5 and Z6 as shown in the figure. 


Reasons 
Arc ADC of the circle with centre O. 


Statements 


Standing on the same arc ADC, Z2 is a central 
angle 


Whereas ХВ is the circum angle 


mZB = 2 (m Z 2) 0) Ву Шеогет 1 


Arc ABC of the circle with 
centre O. 


Standing on the same arc ABC, Z4 is а 


central angle whereas ZD is the circum angle 


т = 1 (т./4) (ii) By theorem 1 


> mZB e mZD-3mZ2 + тг 


2 Adding (1) and (11) 


= 5 (mZ2 + mZ4) = (Total central angle) 


Le., mZB + mzD = 5 (4 Zrt) = 2Zrt 


Similarly mZA + mZC - 2Zrt 


Corollary 1. Іп equal circles or in the same circle if two minor arcs are equal then angles 


inscribed by their corresponding major arcs are also equal. 
Corollary 2. In equal circles or in the same circle, two equal arcs subtend equal angles 
at the circumference and vice versa. 
Two equal circles intersect in А and B. Through B, a straight line is drawn to 


meet the circumferences at P and О respectively. Prove that mAP = mAQ. 


| Given: Two equal circles cut each other at points A and B. A straight line PBQ drawn 
through B meets the circles at P and Q respectively. 


| To prove: mAP = mAQ 


Construction: Join the points A and B. Also draw AP and AQ. 
Write Z1 and Z2 as shown in the figure. 


Reasons 
Arcs about the common chord AB. 


Statements 


mÁCB = mÁDB 
т21-т22 Corresponding angles made by opposite arcs. 
So mAQ = mAP Sides opposite to equal angles in A APQ. 


or mAP = mAQ | 
12561111: (VW АВСР is a quadrilateral circumscribed about a circle. 
Show that mAB + mCD = тВС + mDA 


Given: ABCD is a quadrilateral circumscribed about a p 
circle with centre O. 


So that each side becomes tangent to the circle. 


To prove: тАВ + mCD = mBC + mDA 


Construction: Drawn OE LAB, OF | BC 


OG.ICD and OH LDA 


Proof: 
Statements Reasons 
mAE = тНА ; тЕВ = mBF E Since tangents drawn from 
тах = NEN = a point to the circle are 
тСС = mFC and mGD = mDH ... (il) equal in length 


(mAE + mEB) + (mCG + mGD) = (mBF + mFC) + (nDH + тНА) | Adding (i) & (11) 
Or mAB + mCD = mBC + mDA 


—, EXERCISE 12.1 = 


1. Prove that in a given cyclic quadrilateral, sum of opposite angles is two right angles 
and conversely. 


2. Show that parallelogram inscribed іп а circle will be a rectangle. 

3. АОВ and COD are two intersecting chords of a circle. Show that A^ AOD and BOC 
are equiangular. 

4. AD, and BC are two parallel chords of a circle. Prove that arc AB = arc CD and arc 

AC Z arc BD. 


өз = и = a 


MISCELLANEOUS EXERCISE 12 
1. Multiple Choice Questions 

| Four possible answers are given for the following questions. Tick (У) the correct 

answer. 


(i) A circle passes through the vertices of a right angled AABC with mAC = 3cm 
and тВС = 4 cm, mZC = 90°. Radius of the circle is: 


(а) 1.5 ст (b) 2.0ст (c) 2.5 ст (d) 3.5 ст 
(її) In the adjacent circular figure, central and inscribed angles stand оп the same arc АВ. 
Then 
C 
di) 
2) 
B 
(a) т/1-т/2 (b) т/1-2т/2 
(с) mZ2=3mZ1 (d т22 = 2т21 
(iii) In the adjacent figure if mZ3 = 75°, then find mZ1 апа mZ2. 
y x b TON 75? 
(a) 2972 (5) 2 › 
1° 
(c) 75°, 375 (d) 75°, 75° 


С р 


(v) 


(уі) 


(уй) 


о 


(а) 125 (b 25° (c) 50° (d) 75° 


Given that О is the centre of the circle the angle marked y will be: 


о 
1 


(а) 125 (b) 259 (c) 50° (4) 759 


-- 
In the figure, О is the centre of the circle апа ABN is а straight line. 
The obtuse angle AOC = x is: 


(a) 32° (b) 64° (c) 96? (d) 128? 
In the figure, O is the centre of the circle, then the angle x is: 
(a) 559 (b) 1109 (c) 220° (d) 125? 


In the figure, O is the centre of the circle then angle x is: 


(а) 1% (b) 309 
(х) In the figure, О is the centre of the circle then the angle x is: 


(d) 


(a) 50% (b) 759 (c) 1009 (d) 1259 


— SUMMARY = 


> The angle subtended Бу an arc at the centre of a circle is called is central angle. 

» A central angle is subtended by two radii with the vertex at the centre of the circle. 

» The angle subtended by an arc of a circle at its circumference is called a 
circumangle. 

» A circumangle is subtended between any two chords of a circle, having common 

point on its circumference. 

A quadrilateral is called cyclic when a circle can be drawn through its four vertices. 

The measure of a central angle of a minor arc of a circle, is double that of the angle 

subtended by the corresponding major arc. 

|» Any two angles in the same segment of a circle are equal. 

|» The angle 

e in a semi-circle is a right angle, 

° in a segment greater than a semi-circle is less than a right angle, 


• in a segment less than а semi-circle is greater than a right angle. 
The opposite angles of any quadrilateral inscribed in a circle are supplementary. 
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In this unit, students will learn how to 


locate the centre of a given circle. 

draw a circle passing through three given non-collinear points. 

complete the circle when a part of its circumference is given, 

(i) by finding the centre, 

(ii) without finding the centre. 

circumscribe a circle about a given triangle. 

inscribe a circle in a given triangle. 

escribe a circle in a given triangle. 

circumscribe an equilateral triangle about a given circle. 

inscribe an equilateral triangle in a given circle. 

circumscribe a square about a given circle. 

inscribe a square in a given circle. 

circumscribe a regular hexagon about a given circle. 

inscribe a regular hexagon in a given circle. 

draw a tangent to a given arc, without using the centre, through a given 
point p when p is the middle point of the arc, p is at the end of the arc 
and p is outside the arc. 

draw a tangent to a given circle from a point P when P is on the 
circumference and when p is outside the circle. 

draw two tangents to a circle meeting each other at a given angle. 

draw direct common tangent or external tangents to two equal circles 
and draw transverse common tangents or internal tangents to two equal 
circles. 

draw direct common tangents or external tangents to two unequal circles 
and draw transverse common tangents or internal tangents to two 
unequal circles. 


22 draw a tangent to two unequal touching circles and two unequal 


intersecting circles. 


ж draw а circle which touches 


(i) both the arms of a given angle. 
(ii) two converging lines and passes through a given point between them. 


(iii) three converging lines. 


—=——_ 


INTRODUCTION: 

The word geometry is derived from two Greek words namely Geo (earth) and 
Metron (measurement). Infact, geometry means measurement of the earth or land. Geometry 
is an important branch of mathematics, which deals with the shape, size and position of 
geometric figures. We will concentrate upon simple figures namely point, straight line, 
triangle, polygon and circle in this unit. 

The Greek mathematicians (600-300 BC) contributed a lot. In particular “Euclid’s 
Elements" have been taught as text book all over the world for centuries. 


13.1 Construction of a Circle 


A circle of any radius can be constructed by rotating a compass about a fixed point O. 


13.1(1) To locate the centre of a given circle 


Given: А circle 
Steps of Construction: 


1. Draw two chords AB and CD. 
2. Draw EFG as perpendicular bisector of chord 2 
АВ. 

<> 
3. Draw РОК as perpendicular bisector of chord 
CD. 

ө oe 

4. Perpendicular bisectors EFG апа РОК 


intersect each other at O. O is the centre of 


Fig. 13.1.1 


circle. 
13.1(ii) Draw a circle passing through three given поп-соШпеаг points: 


Given: Three non-collinear points A, B and C. 


Steps of Construction: 
1. Join A with B and B with C. 


<> <> . | Е ЭР 
2. Draw LM апа РО right bisectors of АВ апа ВС 


А <>, <, | 
respectively. LM “апа PQ “intersect at point О. 


3. Draw a circle with radius OA = OB = OC having 
centre at O, which is the required circle. 


13.1(iii-a) To complete the circle by finding the centre when a part of а 
circumference is given 


Given: AB 18 Part of circumference of a 
circle 


Steps of Construction: 


1. Let C, D, E and Е be the four points 
on the given arc AB. 
2. Draw chord CD and EF. 
e 
3. Draw PQ as perpendicular bisector 


— © 
of CD and LM as perpendicular 


bisector of EF. 
е e Fig. 13.1.3 
4. LM and PQ intersect at O. 
O is equidistant from points A, B, C, D, E and F. 
5. Complete the circle with centre О and radius (OA =ОВ = OC = OD = OE = OF). 
This will pass through all the points A, B, C, D, E and F on the given part of the 
circumference. 


13.1(iii-b) To complete the circle without finding the centre when a part of its 
circumference is given 


Given: ÁB is the part of circumference of a circle 
Steps of Construction: 


1. Take two chords CD and DE of the 
suitable same length such that these are 
chords of АЙ. 

2, Produce CD to D’and DE to E/such that 
to get the external angle D^DE 

3. Construct “ЕЕЕ = ZD DE' and take 
mEF = mCD = mDE. Produce EF to F 

4. Construct ZF FG = ZEEF’ and take 


mFG = mCD. Produce FG to G 


Fig. 13.1.4 

5. Points F and G are on the circumference of the required circle. The dotted arcs ЕЁ 
and FG are shown in the figure. 

6. Continue this process of external angles of equal measure to complete the 
circumference of the circle as shown in the figure, 

Note: Constructing internal angles of equal measure, the circumference of the circle can 

also be completed. 


О EXERCISE 13.1(4—3 


Divide an arc of any length 


0) into two equal parts. 


(i) into four equal parts. 
2. Practically find the centre of an arc АВС. 
3. (i) If [АВ = 3 cm and 1ВА = 4 cm are the lengths of two chords of an arc, 


then locate the centre of the arc. 


(ii) If АВ = 3.5 cm and ІВСІ- 5 cm are the lengths of two chords of an arc, then 
locate the centre of the arc. 


| 4. For an arc draw two perpendicular bisectors of the chords PQ and QR of this arc, 
| construct a circle through P, Q and R. 

| 5. Describe a circle of radius 5 cm passing through points A and B, 6 cm apart. Also 
find distance from the centre to the line segment AB. 


6. If АВ = 4 cm and IBC! = 6 cm, such that АВ is perpendicular to BC, construct а 
circle through points A, B and C. Also measure its radius. 


13.2 CIRCLES ATTACHED TO POLYGONS 


| 13.2(i) Circumscribe a circle about a given triangle. 
| Given: Triangle АВС. 


Draw ГММ as perpendicular bisector of side AB. 
| 2. Draw РОК as perpendicular bisector of side АС. 
| 3. LN and PR intersect at point O. 

| 4. With centre O and radius 

| тОА = mOB = mOC, draw a circle. 


Fig. 13.2.1 
This circle will pass through A, B and C whereas O is the circumcentre of the 
circumscribed circle. 


|Remember: The circle passing through the vertices of triangle ABC is known as 
|circumcircle, its radius as circumradius and centre as circumcentre. 


Fig. 13.2.2 
Given: A triangle ABC. 
Steps of Construction: 


-> -> | | > > 
1. Draw BE and CF to bisect the angles АВС and АСВ respectively. Rays ВЕ and СЕ 
intersect each other at point O. 
2. O is the centre of the inscribed circle. 


-» EM 

3. From О draw OP perpendicular to BC. 
With centre O and radius OP draw a circle. This circle is the inscribed circle of 
triangle ABC. 


Remember: 
A circle which touches the three sides of a triangle internally is known as 

incircle, its radius as in-radius and centre as in-centre. 

13.2(iii) Escribe a circle to a given triangle: 

Given: A triangle ABC 

Steps of Construction: 


1. Produce the sides AB and AC of AABC. 
2. Draw bisectors of exterior angles ABC and ACB. 
These bisectors of exterior angles meet at 7}. 


3. From /, draw perpendicular on side BC of AABC. 
Which /,D intersect BC at D. I,D is the radius of 
the escribed circle with centre at 7}. 

4. Draw the circle with radius 7,D and centre at 1, 
that will touch the side BC of the ДАВС 

externally and the produced sides AB and AC. 


Escribed circle: The circle touching one side of the triangle externally and two produced 

sides internally is called escribed circle (e-circle). The centre of e-circle is called e-centre and 

radius is called e-radius. 

13.2(iv) Circumscribe an equilateral triangle about a given circle 

Given: A circle with centre O of reasonable radius. 

Steps of Construction: 

1. Draw AB, the diameter of the circle for 
locating. 

|2. Draw ап arc of radius т ОА with centre at 
A for locating points C and D on the 
circle. 

3. Join O to the points C and D. 

4. Draw tangents to the circle at points B, C 
and D. 

5. These tangents intersect at points E, F and 
G. 


| Fig. 13.2.4 
| 13.2(v) Inscribe an equilateral triangle in a given circle. 


| В 
| Given: A circle with centre at O. 


| Steps of Construction: 

| 1. Draw апу diameter AB of the circle. 

2. Draw an arc of radius OA from point A. The 
arc cuts the circle at points C and D. 

3. Join the points B, C and D to form straight line 
segments BC, CD and BD. 
Triangle BCD is the required inscribed 


| equilateral triangle. 


13.2(vi) Circumscribe a square about a given circle. 
| Given: А circle with centre at О. 
| Steps of Construction: 


1. Draw two diameters PR and QS which bisect each 
other at right angle. 
At points P, Q, R and 5 draw tangents to the circle. 
3. Produce the tangents to meet each other at A, B, C 
and D. ABCD is the required circumscribed square. 


Fig. 13.2.6 


Given: 


Steps of Construction: 


ila 


inscribed in the circle. 


Given: 


Steps of Construction: 


13.2(vii) Inscribe a square in a given circle 


A circle, with centre at O. 


Through O draw two diameters AC 


and BD which bisect each other at 
right angle. 

Join A with B, B with C, C with D, 
and D with A. 

ABCD 18 the required square 


Fig. 13.2.7 
13.2(viii) Circumscribe a regular hexagon about a given circle. 


Q^s 
Fig. 13.2.8 
A circle with centre at O. 


Draw any diameter AD. 
From point A draw an arc of radius АО (the radius of the circle), which cuts the circle 
at points B and F. 

Join B with О and extend it to meet the circle at Ё. 

Join F with O and extend it to meet the circle at C. 

Draw tangents to the circle at points A, B, C, D, E and F intersecting one another at 
points P, Q, R, S, T and U respectively. 

Thus PQRSTU is the circumscribed regular hexagon. 


| 13.2(ix) Inscribe a regular hexagon in a given circle: 


Fig. 13.2.9(a) Fig. 13.2.9(b) 


| Given: A circle, with centre at O. 
| Steps of Construction: 

| 1. Take any point А on the circle and point with О. 

| 2. From point A, draw an arc of radius OA which intersects the circle at point B and F. 
| 3. Join O and A with points B and F. 


| AOAB and AOAF are equilateral triangles therefore ZAOB and ZAOF аге of 


measure 60? i.e., тОА = mAB = mAF. 

|5. Produce FO to meet the circle at С. Join B to C. Since in (ВОС = 60 therefore 
mBC = mOA. 

| 6. From C and Р, draw arcs of radius OA, which intersect the circle at points D and Е. 

| 7. Join C to D, D to E and Ею Е ultimately. We have 


mOA = mOB = mOC = mOD = mOE = mOF 
Thus the figure ABCDEF is a regular hexagon inscribed in the circle. 


2044 EXERCISE 13.2 BE 


l. Circumscribe a circle about a triangle ABC with sides 


IABI = 6 cm : ВА = Зет Я ICAI = 4cm 
Also measure its circum radius. 
25 Inscribe a circle in a triangle ABC with sides 
IABI = 5 сіп, IBCI = 3 cm, ICAI = 3 cm. Also measure its in-radius. 
| 2. Escribe a circle opposite to vertex A to a triangle ABC with sides 
ГАВ! = 6 cm, ІВСІ- 4 cm, ICAI = 3 cm. Find its radius also. 
4. Circumscribe a circle about an equilateral triangle ABC with each side of length 4cm. 
5. Inscribe a circle in an equilateral triangle ABC with each side of length 5cm. 
6. Circumscribe and inscribe circles with regard to a right angle triangle with sides, 
3cm, 4cm and 5cm. 
7. In and around the circle of radius Аст draw а square. 
| 8. In and around the circle of radius 3.5cm draw a regular hexagon. 


Circumscribe a regular hexagon about a circle of radius 3cm. 


13.3 ТАМСЕМТ ТО ТНЕ СІНСІ.Е 

13.3(i) To draw а tangent to a given arc without using the centre through a given 
point P: 

Case (i) When P is the middle point of the arc 


Given: Pisthe mid-point of an arc AB. 
Steps of Construction: 


1. Join A and B, to form the chord АВ. 

2. Draw the perpendicular bisector of 
chord AB which passes through mid 
point P of ÁB and mid point R of AB. 


3. At points P construct a right angle 
TPR. 
— 
4. Produce PT in the direction of P 


beyond point 5. Thus TP is the 
required tangent to the arc AB at 
point P. 

Case (ii) When P is at end point of the arc 

Given: P 18 the end point of arc РОК. 

Steps of Construction: 


1. Take a point А on the arc РОК. 

2. Join the points A and Р, 

3. Draw perpendicular А8 at А which 

intersects the arc PQR at B. 

4. Join the points B and P. 

5. Draw ZAPD of measure equal to 

that of ZABP. 

6. Now mZBPD = mZBPA + mZAPD 
-mZBPA + mZABP [^ mZAPD = mZABP] 
= 90° 

o 


PD is the required tangent. 


^. 
"e. 


ig. 13.3.1 (c) 

| Given: Point P is a line segmetn out side the arc ABC without knowing its centre. 
| Steps of Construction: 

| І. Join A to P. AP cuts the arc at E. 

Find mid-point M of AP. 

Draw a semi circle of radius АМ! = IMPI with center at M. 

Draw perpendicular at point E which meets the semi circle at D. 

Draw an arc of radius IPDI with P as its center. 


This arc cuts the given arc ABC at points 7. 
Join P with T. 


pU ME quos. pe 


—> 
РТО is the required tangent. 


| 13.3(ii-a) To draw a tangent to a circle from a given point P at a given point on 
the circumference: 


| Given: A circle with the centre O and some S 
. : | Т Р 
| point P lies on the circumference. ==] 
| Steps of Construction: ғ 
|1. Join point P to the centre О, so that ОР is 
the radius of the circle. 
2. Draw a line TPS which 18 perpendicular to 
the radius OP. 
NUN: . . . 
TPS is the required tangent to the circle at à 
Fig. 13.3.2(a) 


given point P. 


13.3(ii-b) To draw a tangent to a circle from a given point P which lies outside 
the circle: 

Given: A circle with centre O and some point P 
out side the circle. 


Steps of Construction: 


1. Join point P to the centre О. 
23 Find M, the mid point of ОР. __ 
3. Construct a semi circle on diameter ОР, 


with M as its centre. This semi circle 
cuts the given circle at T. 


4. Join P with T and produce PT on both 
sides, then PT is the required tangent. Fig. 13.3.2 (b) 
13.3(iii) То draw two tangents to a circle meeting each other at a given angle: 


Given: A circle with centre O, ZMNS is a given angle. 

Steps of Construction: 

1. Take a point А оп the circumference of 
circle having centre O. 


Join the points O and A. 
Draw ZCOA of measure equal to that of 


ZMNS. 
5 
4. Produce СО to meet the circle at B. 
5. mZAOB = 180? – mZCOA 
M N 
e 2 
6. Draw AD perpendicular to OA. 
е» -- 
7. Draw ВЕ perpendicular to ОВ. 
© © 
8. AD and BE intersect at P. 
9. mZAOB + mZAPB = 180°, that is, mZAOB = 180? — т АРВ 


10. From step 5 and step 9, we have 
180? — mZCOA = 180° —mZAPB = mZCOA = mZAPB 


> ы mZAPB-mZMNS (7 mZCOA = mZMNS) 


е e 
AP and BP are the required tangents meeting at the given ZMNS. 


Fig. 13.3.4 (a) 
| Given: Two circles of equal radii with centres O and O' respectively. 
‘Steps of Construction: 


Join the centres О and O'. 

Draw diameter АОВ of the first circle so that АОВ 1 OO’. 

Draw diameter A’O’B’ of the second circle so that A’O’B’ | OO’. 
Draw АА” апа ВВ " which аге the required common tangents. 


circles: 


| Given: Two equal circles with centres О and О’ respectively. 
teps of Construction: 


S 

1. Join the centres О and О: 
12. Find mid-point M of ОО” 

3 

4 


Find mid-point N of МО” 

Taking point N as centre and radius equal 
to mMN, draw a circle intersecting the 
circle with centre О ^at points P and Р: 
Draw a line through the points M and P 
touching the second circle at the point Q. 


Draw a line through the points M and P^ 
touching the second circle at the point Q^ Fig. 13.3.4 (b) 
Thus РО and РО” are the required 
transverse common tangents to the given 


circles. 


es: 


Fig. 13.3.5 (a) 
Given: Two unequal circles with centres O,O' and radii r, r /(r > ғ? respectively. 
Steps of Construction: 


1. Join the points О and О’. 
2. On diameter ОО”, construct a new circle with centre M, the mid-point of ОО”? 
3. Draw another circle with centre at О and radius = г — 7’, cutting the circle with 
diameter OO ^at P and О. 
Produce OP and OQ to meet the first circle at A and B respectively. 
—À — —9, 8 
5. Draw ОА! OA and O B'Il OB. 
6. Join AA' and BB' which are the required direct common tangents. 


<>, <>, 
Thus АА and BB аге the required common tangents. 


13.3(v-b) To draw to transverse or internal common tangents to two unequal 
circles: 


Fig. 13.3.5 (b) 


Mathematics 10 


Given: Two unequal circles with centres О, О’ and radii ғ, r’ respectively. 
Steps of Construction: 
1. 


2. 
3. 
4 


Case II: 
Given: Two unequal touching circles with centres О and О: 
Steps of Construction: 


Join the centres О and О” of the given circles. 


Find the mid point M of OO’. 

On diameter OO', construct a new circle with centre M. 

Draw an other circle with centre at О and radius = г + ғ” intersecting the circle of 
diameter OO' at P and Q. 


Join O with P and Q. OP and OQ meet the circle with radius r at A and B 
respectively. 


— — ыг 
Draw OB’|| OA апа ОА” OB. 


oe e 
Join A with B' and A' with B. Thus AB'and A'B are the required transverse common 
tangents. 


13.3(vi-a) To draw a tangent to two unequal touching circles: 
Case I: 

Given: Two unequal touching circles with centres О and О: 

Steps of Construction: 


Join О with O’and produce OO ^to meet the circles at ea A 
the point A where these circles touch each other. Fig. 1 | 
Tangent is perpendicular to the line segment OA. 


Draw perpendicular to OA at the point A which is | 
. Fig. case-I 
the required tangent. 


Join О with O ^ OO intersects the circles at the point 


B where these circles touch each other. See Fig. 2. 
Tangent is perpendicular to line segment containing 
the centres of the circles. 


Draw perpendicular to OO’ at the point B which is 
the required tangent. 


Fig. саѕе-П 
Fig. 13.3.6 (a) 


13.3(vi-b) To draw a tangent to two unequal intersecting circles: 
Given: Two intersecting circles with centres A and B. 


Steps of Construction: 


1. Take a line segment АВ. 
2: Draw two circles of radii г and г, (where r > rj) with centres at A and B respectively. 
3: Taking centre at A, draw a circle of a 

radius r — ry. 


: Bisect the line segment AB at point M. 
5: Taking centre at M and 
radius = mAM = тВМ , draw a circle 
intersecting the circle of radius r — 7, 
at P and Q. 
6. Join the point A with P and produce it to 


meet the circle with centre A at D. Also 


join A with Q and produce it to meet the 


circle with centre A at C. 


7. Draw BN parallel to AD, intersecting the Fig. 13.3.6 (b) 
circle with centre B at T. 
е 
8. Draw a line joining the points D and T. DT is а common tangent to the given two 
circles. 
. 4n С? . 
9. Repeat the same process on the other side of AB. CT is also а common tangent to the 


given two circles. 
13.3(vii-a) To draw a circle which touches both the arms of a given angle: 


Given: Ап angle ZBAC. 
Steps of Construction: 


> Т C 
1. Draw AD bisecting ZBAC. 
> 
2. Take any point E on AD. D 
> > 
3. Draw ЕТ perpendicular to АС 
— 

intersecting AC at the point F. 
4. Draw a circle with centre E and radius 4 B 

mEF. Fig. 13.3.7 (a) 


This circle touches both the arms of ZBAC. 


| 13.3(vii-b) To draw а circle touching two convergent lines and passing through а 
given point between them: 


Fig. 13.3.7 (b) 


e e 
Given: BS and CT are two converging lines. 
Steps of Construction: 


е е 
Produced BS and produced СТ intersect at A. 
-Э 
Draw AD bisecting (ВАС. 
-Э 
Take any point E оп AD. 
S e 
Draw EF perpendicular to AB. 
Draw a circle with centre E and radius mEF. 
<> <> 
This circle touches АВ and АС. 
> 
Draw AP which cuts this circle at the point Н. Join E and Н. 
— LL. > 
Through P, draw PZ || HE intersecting AD at the point О. 


ө 9 а сол ры м - 


Draw а new circle with centre О and radius тОР. This circle touches both the lines. 


13.3(vii-c) To draw a circle which touches three converging lines 
Note: Itis not possible to draw a circle touching three converging lines. 


10. 
11. 


(1) 
(iii) 
(iv) 


(v) 
(vi) 


E EXERCISE 13.34:4 


In an arc ABC the length of the chord ІВСІ = 2 cm. Draw a secant IPBCI = 8 cm, 
where P is the point outside the arc. Draw a tangent through point P to the arc. 


Construct a circle with diameter 8 cm. Indicate a point C, 5 cm away from its 
circumference. Draw a tangent from point C to the circle without using its centre. 


Construct a circle of radius 2 cm. Draw two tangents making an angle of 60? with 
each other. 


Draw two perpendicular tangents to a circle of radius 3 cm. 


Two equal circles are at 8 cm apart. Draw two direct common tangents of this pair of 
circles. 


Draw two equal circles of each radius 2.4 cm. If the distance between their centres 18 
6 cm, then draw their transverse tangents. 


Draw two circles with radii 2.5 cm and 3 cm. If their centres are 6.5 cm apart, then 
draw two direct common tangents. 


Draw two circles with radii 3.5 cm and 2 cm. If their centres are 6 cm apart, then 
draw two transverse common tangents. 


Draw two common tangents to two touching circles of radii 2.5 cm and 3.5 cm. 
Draw two common tangents to two intersecting circle of radii 3 cm and 4 cm. 
Draw circles which touches both the arms of angles (1) 45? (ii) 60°. 


MISCELLANEOUS EXERCISE - 13 


Multiple Choice Questions 


Three possible answers are given for the following questions. Tick (У) the 
correct answer. 
The circumference of a circle is called 


(a) chord (b) segment (c) boundary 

A line intersecting a circle is called 

(a) tangent (b) secant (c) chord 

The portion of a circle between two radii and an arc is called 

(a) sector (b) segment (c) chord 

Angle inscribed in a semi-circle is 

@ 5 < 3 б | 

The length of the diameter of a circle is how many times the radius of the circle 
(a) 1 (b) 2 (c) 3 


The tangent and radius of a circle at the point of contact are 
(a) parallel (b) not perpendicular (c) perpendicular 


Circles having three points in common 


(a) overlapping (b) collinear (c) not coincide 
If two circles touch each other, their centres and point of contact are 

(a) coincident (b) non-collinear (c) collinear 
The measure of the external angle of a regular hexagon is 

@у a (90% om, 

If the incentre and circumcentre of a triangle coincide, the triangle is 

(a) anisoscenes (b) a right triangle (c) an equilateral 
The measure of the external angle of a regular octagon is 

(а) | < € оз 

Tangents drawn at the end points of the diameter of a circle аге 

(a) parallel (b) perpendicular (c) Intersecting 
The lengths of two transverse tangents to a pair of circles are 

(a) unequal (b) equal (c) overlapping 
How many tangents can be drawn from a point outside the circle? 

(a) 1 (5) 2 (с) 3 


If the distance between the centers of two circles 18 equal to the sum of their radii, 
then the circles will 

(a) intersect (b) do not intersect 

(c) touch each other externaly 

If the two circles touches externally, then the distance between their centers 18 equal 
to the 

(a) difference of their radii (b) sum of their radii 

(c) product of their radii 

How many common tangents can be drawn for two touching circles? 


(a) 2 b) 3 (c) 4 
How many common tangents can be drawn for two disjoint circles? 
(a) 2 (b) 3 (c) 4 


Write short answers of the following questions 


Define and draw the following geometric figures: 


(a) The segment of a circle. (b) The tangent to a circle. 
(c) The sector of a circle. (d) The inscribed circle. 
(e) The circumscribed circle. (f) The escribed circle. 


The length of each side of a regular octagon is 3 cm. Measure its perimeter. 


Write down the formula for finding the angle subtended by the side of a n-sided 
polygon at the centre of the circle. 


The length of the side of a regular pentagon is 5 cm what is its perimeter? 


(i) 
(iii) 
(iv) 


(v) 
(vi) 
(vii) 
(viii) 
(ix) 
(x) 
(xi) 
(xii) 
(xiii) 
(xiv) 
(xv) 
(xvi) 
(xvii) 
(xviii) 
(xix) 


(xx) 
(xxi) 
(xxii) 
(xxiii) 
(xxiv) 
(xxv) 


Fill in the blanks 
The boundary of a circle is called __ 

The circumference of a circle is called of the circle. 
The line joining the two points of circle is called 


The point of intersection of perpendicular bisectors of two non- жр chords of a 
circle is called the 2 


Circles having three points in common will __ : 
The distance of a point inside the circle from its centre is _ than the radius. 


The distance of a point outside the circle from its centreis — than the radius. 
A circle has only сепке. 

One and only one circle can be drawn through three points. 

Angle inscribed in a semi-circle is a angle. 

If two circles touch each other, the point of __ and their are collinear. 


If two circles touch each other, their point of contact and centres are 

From a point outside the circle _ tangents can be drawn. 

А tangentis____ to the radius of a circle at its point of contact. 

The straight line drawn L to the radius of a circle is called the to the circle. 
Two circles can not cut each other at more than___ points. 

The 1-bisector of a chord of a circle passes through the 


The length of two direct common tangents to two circles are — to each other. 
The length of two transverse common tangents to two circles are to each 
other. 


If the in-centre and circum-centre of а triangle coincide the triangle 15 _____ 
Two intersecting circles are not ___ Е 
The centre of an inscribed circle is called ____ 

The centre of a circumscribed circle is called HE 


The radius of an inscribed circle is called. — 
The radius of a circumscribed circle is called 


==" SUMMARY "= 
А circle of any radius сап be traced by rotating а compass about fixed point. 


The perpendicular bisectors of two non-parallel chords of a circle intersect at a point 
which is known as centre of circle. 


А circle can be drawn through given three non-collinear points. 
When a part of circumference of a circle is given, the circle can be completed. 


If a triangle, the circumscribed circle, inscribed circle and escribed circle opposite to 
each vertex can be constructed. 


If a circle 18 given, then the circumscribed and inscribed equilateral triangles can be 
constructed. 


For a given circle, the circumscribed and inscribed squares can be drawn. 


For a given circle, the circumscribed and inscribed regular hexagon can be 
constructed. 


We can draw tangents to a given arc as its mid point, its any end point, and a point 
not on the arc. 


Tangents can be drawn to a given circle, when a point is an its circumference and 
from a point outside the circle. 


Tangents to two unequal touching circles can be traced. 


Direct or transverse common tangents of two equal circles or two unequal circles can 
be drawn. 


We can construct a circle touching the arms of a given angle. 


A circle passing through a given point between two converging lines and touching 
each of them, can be traced. 


EXERCISE 1.1 
0) quadratic, х2 + 4х – 14= 0 (ii) 
(iii) ^ quadratic, 4x? +4х-1=0 (iv) pure, 
(v) pure, 2-20-0 (уі) 
—5 
0) (75.5) (1) fo, > | 
ау) 1-85,19) (v) 13,-4) 
—1+ 242 -2 +a +4 
(i : | @) 477 
77 -т: Ша - E (у) 0, = | 
4 3 nr 1 33 
(vii) —5, 3) (уш) -797 2 
(x) {-3a,4a} 
EXERCISE 1.2 
-7 +\[57 —4 4/11 
0) | 7 | (ii) 5 | 
3 +4/233 13 
ау) | 8 | (v) E 13) 
(vii) 13,7) (уш) Ta 
1 l 
(ix) (азы азы (х) pm | 
EXERCISE 1.3 
ын l 
EN IEEE Л ED 
3 
(216, 729) 5. 5, i} 
5 
{6} 8. +3) 
ЕЗ 14/2) 


Е ANSWERS | 


WERS 4-4 


Unit 1: Quadratic Equations 


quadratic, 7х2 — 3x + 7 = 0 
3-120 
quadratic, x? + 29x + 66 2 0 


(ii) E 2) 


(iii) 


(vi) 


(vi) E 
(111) E i 
(vi) {13,15} 
(ix) {1,3} 

4 
№) 


13. 
16. 


(011 M. (24) 15 11,3,2 4/33) 
(-4-2,57) 


EXERCISE 1.4 
1 2 2 1 (25 ) 3 35 CIE 
mm : { | 9 xtraneous : 16 ‚ (C1 Extraneous) 
{7}, (12 Extraneous) 5. (а) 6. (31. * фог { } 


(0), (-3а Extraneous) 9. puis) 10. == 


B 5 | 11. (-3,0] 


MISCELLANEOUS EXERCISE 1 


Multiple choice questions: 


(б) (b) i) (с) ап) (с) Qv) (а) 
(м) (o (уі) (6) (уі) (а) (уш) (с) 
(ix) (а) 

Short answers: 

G) -l+ NE Gi) 0,3 (іі) 3х2 — 2x 48 = 0 

(iv) (a) Factorization (b) Completing square (с) Quadratic formula 
(v) PT 1 (vi) -3,6 

Fill in the blanks: 

(а) ах? +Ьх+с=0 ш) 3 

(iii) Completing square (iv) = 

(v) + Ц (vi) Exponential (уй) {+3} 


(уш) Reciprocal (ix) Extraneous (x) Radical sign 
EXERCISE 2.1 
(i) 17 (ii) -8 (ш) 0 (iv) 81 
(i) real, rational and unequal, x = 8, 15 (ii) imaginary, x = гээ A a 


(iii) real and equal, x = 2 


-7 +4[205 


(1у) real, irrational and unequal, x = 6 


40)  k=-1,0 (Ші) k=1 


EXERCISE 2.2 


jl; (i) —1, -w, —0)2 (ii) 2, 20, 20 
(іі) -3,-3о,-3о» (iv) 4, 40, 40 
2. (1) 128 (ii) 1024 (iii) 125 (iv) 24 
(v) 128 (vi) 2 (vii) -6 (viii) -1 
EXERCISE 2.3 
| : 1,2-4 
1. (1) 5-5,Р-3 (ii) S=-3,P= 3 
А. | Ь 
0 ssip d) Жел ыле т 
т+п п-1 ! 5т 9п 
(9) 5- ет РЕ +т (v) 8-7 pg 
: 3 5 2 
2: 0) К= 8 (11) К= 3 
. 64 7 
3. (1) k=53 (1) К=—1,2 
: Р 13 
4 © p=0 (0) 257 
| T m 10 
5. 0) т--55 (11) т=5 (111) m--—- 
| 3 2 
6. 0) т-> (11) т=1 


EXERCISE 2.4 


(ii) 


x-6x4520 
2-х-6-0 

x?-4x—1220 
№2 - 2х+2 = 0 
х2-8х-31-0 
6x2 —3х+1=0 
252-7х-3-0 


х2 – (р2– 24) х+ 42 = 0 (b) 


Ох) =х+6; К =-7 


EXERCISE 2.5 
(b) х2 – 13x 436-20 
(d) x24-3x20 
(f) x-8x4720 
(h) x2-6x+7=0 
(b) х2 + 3x + 36= 0 
(d  2804x42-20 


а2-(р2-24)3х%4-0 
EXERCISE 2.6 
(i) Q(x) = 432 - 12x + 31; R = -78 


О(х) 2324 3x 3; R-8 


{(4, 1), (—6, 11)} 


0.9) 


(-3,2),(-1,-2)) 
Гео, + 3)} 


Ген, +1)} 


(3, 1), C3, –1), (не 


3 ? 


a 


(1) h=6 (4) һ--5 
(1) 1-2,т-- 5 

Ex 13 (iii) 2 -1,2 
28013 

EXERCISE 2.7 


2. Га,1),(-5,-8)) 


«jen (sts!) 


6. { (0, 1), 73, -2)} 
8. { (42, +42} 


10. (6 i) (3. 1) (1,10), C1, -) 


EXERCISE 2.8 


13,14 2 4, 5, 6. 37 12 
=1 1 

122 5 abc 4 6 81 
(3, 6), (6, 3) 8. х=5,у=4 9. 11,7 


25ст Бу 15 ст ог 15 ст Бу 25 ст 
MISCELLANEOUS EXERCISE 2 
Multiple choice questions: 


() (©) а) (b) (іі) (b) v) (а) 
(v) (а) (vi) (b) (уі) (c) (viii) (c) 
(1х) (d) (х) (©) (xi) (a) (xii) (a) 
(xiii) (c) (xiv) (d) (xv) (d) (xvi) (a) 
Short questions: 
0) (а) imaginary (b) (real) rational, unequal 
(c) (real) irrational, unequal (d) (real) rational equal 
(1) w2- EE (iv) 1 
(vi) 0 (уп) 64 (уш) х2-3х-9-0 
(ix) О(х)гх2-5х410, R=22 (xi) 5шп-- , Product = -2 
.. 10 "m —39 13 —87 
(xil) g кш) (а) 6 -z7 © AES] 
(xiv) (а) x2?- 5x 4720 (Ы) 32-10x 428-0 
Fill in the blanks: 
G) | Ь?—4ас (1) equal (ій) real (v) imaginary 
(v) rational (vi) irrational (vii) -2 (уш) 1 
) 5 —9 "DNE S " 
(1х) 7 (x) 5 (xi) аф (хи) 1,w,w? 
(xiii) zero (xiv) w? (xv) x7-(a+f)x+aB=0 


(xvi) х2-2х-4-0 


| Unit 3: Variations 


EXERCISE 3.1 
І 3 л 3 zm 16 
1. 0) 3:5:5 (1) 3:2:2 (ій) 16:11:11 
; 11 1 
(іу) 11:24:24 (у) 1:3:3 
3 (1) 7:12 (ii) 7:5 
3. 4:5 4. р=8 5. x= 6. x=3; 15 and 24 
: x=2; 8апа26 8. Rs. 400 9. 51:7 
10. 0) 7 (ii) Эрх (11) 41 
11. (1) х-2 (ii) х=1 (ii) х-38 
(iv) х-р:-Ф (у) x=4 
EXERCISE 3.2 
1. () у-4х (1) у-20 Gi) х-7 
2. (1) у=зх (ii) x=15,y=42 
5 5 
3. R= T,R=40, T= 32 4. К-32 5. үеэ, К = 15 
14 1 12 1 
6. w = 383, w = 375 7. у= RO 8 ут Х52 
35 4 18 1 48 3 
9 We Wes 10 A-gr-t 11 а= ра= 4 
135 5 3 128 16 2 
12. yz тұзда ды! 13. m= pom, 23 
EXERCISE 3.3 
: - Е a-b 
1. 0) 24 (11) 9а (iii) Zu 
. . = 
б) ry 0) 6-2» Ww) үн 
2. (1) 24 (11) 9x4 Gii) 14b2 
(iv) 5 () р-4 (vi) р2-ра+ 4 
3. (1) %30 (ii) + 10х5у3 (1)  +45p2q3r 
(iv) +(-y) 
4. (0) р=#15 G) х=+12 (i) р-8,-4 


m=17,-11 


01) 


(v) 2 (vi) 3 л = (vii) + 4 (extraneous root), ф or { } 
(уш) {2р,—2р} ах) 17) 
EXERCISE 3.5 
14и2 28 1 49 30 2 
1. 5 = ду ^s 2: W= 367 6.4 3. 7 2693 
T2 21 Tap 14 _135 5 
4. u = yg 5. v= 8223 6. w= иЗ 78 
EXERCISE 3.7 
1. (i) А=48 Sq. Units (i) 1-2 
2: S-4n?,rz3 
3. () 5-25ш (i) Е=161Ь 
4. I= 45ср 5. d — 20 ft 6. Rs. 297000 
7. l= 20 ft 8. p=12hp 9. 968000 
MISCELLANEOUS EXERCISE 3 
1. Multiple choice questions: 
© (b) Gi) (с) (іш) (b) Qv) (а) 
(у) (с) (vi) (a) (vii) (d) (viii) (b) 
(ix) (а) (x) (a) (хі) (с) (хи) (b) 
(xiii) (a) (xiv) (d) (xv) (a) 
2. Short Questions: 
(vi) х-10 (vii) уз +$ (vii) v=2 
Я 21 : 4 
(1х) 4 (x) +28 (x1) 7 
8x2 22 . 18 
(хи) y= p» (xii) == бху (xiv) 32 
3. Fill in the blanks: 
0) - (1) Antecedent (iii) Consequent 
(iv) Extremes (v) Means (vi) р= 14 
(уп) т-8 (viii) Ку (1х) Т 


(xii) 2 


(xiii)  X2mn?p? (xiv) m=+6 


Unit 4: Partial Fractions 
EXERCISE 4.1 
4 3 zi 2 1 2 
1. ХЭГ” ХЭЭ 2 1-4 x3 3, peu tuu 
-1 2 2 1 3 4 
ы x-1^*x43 4 3c] xa n x-4*x-3 
9 _4 5 l 
7. 14% зу" 50:43) 8. 243% 71371 
EXERCISE 4.2 
| —2 1 1 y 2d. 1 1 
ы 194 x-2 “хж2 (x42) x43 
1 1 3 11.2. 
3. 2-1 +2 +2) пе Жын е = 
MN. 2, 3 : 1 1 1 
“Эхэ? 341 Ge Ty Жаз) 4@—1) 2(х—1)? 
3 2 1 1 1 
7. Ати? в 4x-1) 4x-1) 2(х+ 1)2 
EXERCISE 4.3 
| 22, 25-3 2 At. 1 
“х43732-1 50241) 5(х+3) 
1 х-1 17х= 6 17 
ее кл 4 теу = | 
2x41) 204) 50241) 5(x + 3) 
TS, 2х +33 : 1 x-2 
` 13(x-3) * 1302 +4) “(са 2) 20544) 
7 1 Е х- 2 8 2 х +1 
Заа 362-241) 5 3(х41) 392-x 1) 
EXERCISE 4.4 
1 х 4х 2 1 x 
“3244 (2-4) (ғ) 02+ 12 
3. 1 х-1 х-1 4. 1 х-1 х-1 


404x) 402-1) + 202+ 1)2 4x-1) 4024 1) * 20 + х2) 


221 


4 4 Dx x 
“32.2 (2+2)? БҰ сш ТЕТІН 
Miscellaneous Exercise 4 
() (c) (i) (c) (11) (9) (iv) (d) (v) (c) 
(vi) (c) (vii) (5) (viii) (a) (ix) (b) (x) (c) 
= 5 А 1 1 
(7242 х-3 we- БТ) 
(уй) 5 a тү n ) (viii) + um 3 зу 
(іх) 2 P 1 ao x i 2 (x) Yes it is an identity. 
EXERCISE 5.1 
0) {1,2, 4,5,7,9} (ii) {4, 9} (iii) {1,2, 4,5,7,9} 
(iv) {4,9} 
à Уч {13,17} GÐ Yu(l3,17] (ш) {2,3,5,7,11} 
(iv) {2,3,5,7,11} 
0) Уч {13,17} а) T аш) Y 
(iv) Ф (ә) Ф (у) Т 
0) (18, 20, 21, 22, 24, 25} (ii) {18, 20, 21, 22, 24, 25} 
(ш) {4,5,---, 10, 12, 14, 15, 16, 18, ---, 25} 
(iv) 14,5, --., 10, 12, 14, 15, 16, 18, ---, 25} 
(i) {2, 6, 10, 14, 18} (ii) {24} 
() Ф (ii) (0j 
EXERCISE 5.2 
0) £0, 1, 2,3, ++, 20, 23} Gi) {0, 1, 2,3, ++, 20,231 Gi) Ф 
(iv) Ф (у) {1, 2, 3,5, 7, ---, 19} 
(м) {1, 2, 3,5, 7, ---, 19} (vii) (3, 5, 7, 11, 13, 17, 19} 


(viii) (3, 5, 7, 11, 13, 17, 19) 
EXERCISE 5.4 

AxB = {(а, с), (a, d), (b, c), (Б, d)} 

ВХА = ((c, a), (c, b), (d, a), (d, b)} 

AxB = {(0,—1), (0,3), (2, -D, (2, 3), (4, —1), (4, 3)} 

ВХА = {(-1,0), C1, 2), C1, 4), (3, 0), (3, 2), (3, 4)} 


МИН... 


АХА = {(0, 0), (0, 2), (0, 4), О, 0), (2, 2), (2, 4), (4,0), (4,2), (4, 4)) - 
ВхВ = Kees =), CL 3), (3, = (3, 3)} 


(i) а-6, b=3 (1) a=1, b=7 (ІШ) а= 0, b=-6 
X = {a,b,c,d}; У = {a} 
(i) 6 (ii) 6 (iii) 9 

EXERCISE 5.5 


Ri = {(a, 3), (b, 4), (с, 3)} 

R: = {(a, 4), (b, 3), (с, 4)} 

Кз = {G, а), (4, а)) 

R, = (3,5), (4, Б), (3, с), (4, с)} 

Ri = {С2, 2), (C2, 1), (1, 2), (2, 2)}, 


Dom В, = {-2, 1,2} =L, Range В, = {-2, 1, 2} 
R = (C2, 1), (1, 1), (2, 2)}; 

Dom В» = {-2, 1}, Range К, = (1,2) 

Кі = {(а, а), (a,b) ; Rz = {(b, с), (с, с)) 


Ri = {(а, d), (6,8)} ; R: = {(a, f), (b, e), (с, })} 
Ri = {(d, е), (f)  ; Rz = {(e, e), GA, (8, 8)} 
295 — 225 

© Ri = {G, 2), (4, 2), (5, 2), (4, 3), (5, 3)} 

(1) R = {(2, 2), (3, 3), (5, 5)} 

(ш) Rs = {(1, 5), (3, 3), (4 2)} 

Gv) R4 = {(1, 3), (3, 5), (5, 7)) 

(i)  ВЦесПуе 


Dom В, = (1,2, 3,4], Range К, = (1,2, 3, 4} 
(ii) Relation 

Dom R:= {1,2,3}, Range К. = {1,2,4,5} 
(iii) Function 

Dom Е; = {Ъ, с, 4}, Range R; = {a} 
(iv) Ошо function 

Dom В4= {1, 2,3,4,5}, Range К. = {1,3,4} 


(v) Опе-опе function 


Dom Е; = {a,b,c,d}, Range R5 = {a, b, d, e} 


0) 

ау) 
(vi) 
ах) 
(хи) 


(ху) 


(vi) Relation 


Dom R,= {1,2,3}, 


(vii) One-one function 
Dom R;- {1,3,5}, 


(viii) Relation 


Dom R;- {1,3,7}, 
MISCELLANEOUS EXERCISE 5 


MCQ's 
(i) (c) 
(vi) (с) 
Gi) (©) 
(xvi) (b) 


(ii) 
(vii) 
(xii) 


(хуп) 


Short Questions: 
Def. Ex. A={1,2,3}, B= {1, 2,3, 4, 5}. А is a subset of B. 


(d Qi) 
(d) (мш) 
(с) (xiii) 
(b) _ (xviii) 


ф, {a}, {b}, (а, b} 

0) (АсВу-А ОВ 
Fill in the Blanks: 

B (ii) 
(ANB)U(ANC) 

ф (vii) 

U (x) 


IVth quadrant (хш) 


Га, b, c} 


(xvi) 


(xviii) Binary relation (xix) 


Unit 6: Basic Statistics 


(c) 
(c) 
(a) 
(c) 


Range Кє = {2,3,4} 


Range К; = {р, ғ, 5} 


Капре К; = 


(iv) 
(ix) 
(xiv) 
(xix) 


{a, b, c} 
(b) (v) 
(b) (x) 
(d) (ху) 
(b) (хх) 


(4) 
(а) 
(с) 
(с) 


(1) (AU BY = АПВ’ 


Disjoint sets (11) 
(v) (AU В) (АОС) 
U (viii) 
A\B (xi) 
Zero (xiv) 
(a, b, c] (xvii) 
onto (хх) 


EXERCISE 6.1 


А-В 


ф 
Шга quadrant 


Zero 
John Venn 
not 


Classes | 2—3 | 4 | 7 | 8-9 | 10—11 | 12—13 | 14—15 


5 


Frequenc 


a) 6—7 b) 4—5 


3. 
4. 
5. 
б. 


0) 24.5 
0) 24.5 

32.5 

А.М =9.620 


5 |6 
шинж 


EXERCISE 6.2 


(ii) 290 
(ii) 290 


G.M=8.553 


H.M= 


8.089 


б. А.М =9.620 С.М=8.553 Н.М = 8.089 

ЧД Моде = 9, 4 Median=7 

8 Mode = 2 Median = 2 

9. Mean = 10.478 Median = 10.625 Mode = 13.5 

10. (1) Weighted Mean = 74 marks (11) Mean =72.8 marks 
11. Weighted Mean = 41.15 rupees per litre 


12. 
|2001 |2002 |2003 |2004 |2005 |2006 |2007 |2008 |2009 | 2010 
= | 113.33 | 126 | 142.66 | 159.33 | 178 | 195.33 | 208.67 | 220 |---- 


EXERCISE 6.3 
4. Range = 3500 S.D. = 1417.886 
5. а- (1) S.D. = 4.87 (1) S.D. = 3.87 b- Variance = 6.85 
6. Mean = 27.0935 S.D. 23.136 
7. Range = 43 
MISCELLANEOUS EXERCISE 6 
1. (1) (b) (1) (b) (ii) (а) (іу) (с) (v) (b) 
(vi) (a) (vii) (a) (viii) (a) ах) (b) (x) (c) 
(xi) (b) (xii) (a) (xiii) (c) (xiv) (с) (xv) (a) 


(xvi) (a) (xvii) (b) (xviii) (b) (xix) (a) (xx) (b) 
(xxi) (a) (xxii) (c) 


Unit 7: Introduction to Trigonometry 


EXERCISE 7.1 


, (1) 45.5° (ii) 60.5083° Gii) 125.3805° 
3. (i) 47921736” (її) 125927: (їй) 2259457 (іу) 229307 | (у)-67934748” 


(vi) 315?10'48" 
NE! zs dU КЕСЕ . 5n -5T 
4. (1) 6 (1) 3 (11) 4 (iv) 4 (v) "3 
—5 5 7 
Саға (vii) 7 (viii) g 
5. (i) 135° (ii) 150° (11) 157.5° (iv) 146.25° (v) 171.8869° 
(vi) 257.83° (vii) -157.5° (viii) -146.25? 
EXERCISE 7.2 
: (1) 0.57rad (i1) 1.8rad 2. (1) 15.4cm (ii) 15.84 mm 
Э; (1) 16сш (1) 66.21 ст 4. 18m Э: 220m 
6. Эа 7. 12.57ст 8 105.56 cm? 
2 2 49т 
9.(а) 18.85 cm (b) 157.08 cm 10. 18 m? ог 8.55m? 
11. 2972.39cm? 12. 31.42 ст? 13. 5 rad. 
EXERCISE 7.3 
© 
у 90 
i @ 180 ІІІ: 0% Positive coterminal angle 360° + 170° = 530° 
| : о x negative coterminal angle —190? 


Positive coterminal angle 60^ 
negative coterminal angle is —300° 


(1) 


10. 


11. 


(ii) -180: 09 Positive coterminal angle is 260° 


negative coterminal angle —360° — 100° = —460? 


o Positive coterminal angle 220° 


(іу) —180* | | : 
negative coterminal angle -140 


(i) 90°, 180° (1) 270°, 3609 (iii) 540°, 630° (iv) 09, 90? 


: T SU БЕН = ТМ 
00, > (ii) 5, 7 (ii) 0, 75: (iv) 5, -7 
(i) II (1) Ш (iii) IV (іу) П (v) I (vi) Ш 
(i) +ve (ii) —уе (iii) —ve (iv) -уе (у) +ve (vi) —ve 
эрэ И EU NC NESCIRE -2 
(1) II, шил ; cosecO= 22 ТІ ; вес@= 2 ; tanĝ= 75 ; cotü- 3 


-4 -5 —3 —5 4 3 
(ii) Ш, 80-15 : cosecO= 7 : соѕ0= > Ч ёс0-13: tand=3 : cotü- 7 


(iii) Т, EN E совес@= NER со80- хо Е 9= <Б; cotü- Ар 
8ёс0- = eee совес@= и ог ы, tang =. сиө= 5 


-4 -5 -3 -5 3 
5іп0= < ; соѕесӨ= 74”; соѕ0= =; весб- =; соб = т 
їапӨ= –1 ; ѕесө= 1/2 ; cosecO= EY 


12 5 13 12 5 
89-13 : со80-13 : ѕесӨ= = : tanO="5 : cotü- 15 


4 4 
(1) ей ; Е А созӨ= 2; secO=3 : TEL сиө= 5 


8 17 15 17 8 15 
(ii) 80-15 17° ;cosecÓ- g` ; со50= т= 17° 586С0:555 15: ; {апд= == 15: ; сої0= > 8 


o 2410 


3 7 
; cosĝ=7 ; secO= y ; tan 3 2:60 


АЙ 
(iii) віпб- 2/10 


; созесб- 7 = 
‚ совес “2410 “2310 


12. 


О.2. 


0.3. 


(iii) 10800” (у) 459 (уі) T rad. (vii) 2 rad. (viii) 71.27ет (х) a 
(i) 180° (1) Ш (iii) IV (iv) ire (v) 6 cm? 
(vi) 2kr + 120? where k = 1 (vii) 0 2 309 or E rad (viii) 2 
] — sinO 
. 2, ма ee 
(ix) совес20 (x) m 
Unit 8: Projection of a Side of a Triangle 
EXERCISE 8.1 
2.646cm , JS sq cm 2. mAC = 2 1/29 cm 
EXERCISE 8.2 
mBC = 5.29 cm 2. 5.45 cm 
MISCELLANEOUS EXERCISE 8 
c 4.58 cm 4. = 4.12 ст 5 15 ст 
бст 7. 909 = (61.9) 
Acute angled Right angled 


OF GF ib 801 WF wy 
oe ог og «ӘЗ 

EXERCISE 7.4 
tan2x D tan?x 3. sinx 
tan2x 6. cos2x 

EXERCISE 7.5 
59.74° 2. 18.652m 3. 75.5° ог 75°30’ 
27.47° 5. 4924.04m 6. 3356.4m 
0.199 miles 9. 25.94 feet 10. 2928.2 feet 
20.33 meter 

MISCELLANEOUS EXERCISE 7 

à) (а) (i) (4) (іі) (б Go (9 
(vi) (b) (40 (0) DO WO 


(vi) O (viii) 0 


7. 28.72m 
11. 164m ; 164m (or 163.93) 


(у) (с) 
(х) (9) 


1. (i) (с) 
(v) (а) 
(іх) (а) 
(xiii) (d) 


2. 4 cm 


Т; (1) (с) 
(у) (4) 
(ix) (с) 
(хш) (5) 


1. 0) (d) 
(у) (а) 
(ix) (a) 


1. @ (c) 
(v) (b) 
ах) (4) 


Unit 9: Chords of a Circle 
EXERCISE 9.1 
4. = 14.97 cm 

EXERCISE 9.2 


MISCELLANEOUS EXERCISE 9 


(1) (а) (ii) (d) (iv) (с) 
(vi) (9) (vii) (c) (viii) (Б) 
(x) (c) (хі) (9) (xii) (b) 
(xiv) (c) 
EXERCISE 10.2 
3. = 16.96 cm 
MISCELLANEOUS EXERCISE 10 

(1) (a) (1) (4) (iv) (b) 
(vi) (c) (vii) (b) (viii) (d) 
(x) (a) (х1) (с) (xii) (b) 


Unit 11: Chords and Arcs 


MISCELLANEOUS EXERCISE 11 


Gi) (c) (іш) (b) ау) (b) 
(vi) (c) (vii) (b) (viii) (c) 
(х) (5) 


Unit 12: Angle іп a Segment of a Circle 


MISCELLANEOUS EXERCISE 12 
Gi) (d) (ш) (a) v) (c) 
(vi) (d) (vii) (d) (viii) (b) 
(х) (с) 


| Unit 13: Practical Geometry -Circles | 


в EXERCISE 13.1 


(1) 


Two equal parts of the arc АС are Four equal parts of the arc AC are 
ÁB and BC AD , DB , BE, EC 


ЕХЕНСІБЕ 13.2 
1. radius = 3.3 cm. 2. 1 ст (approximately) 3. 2.3 ст 


MISCELLANEOUS EXERCISE 13 
1. MCQ's 
0) (c) @) (b) (іш) (а) @у) (а) (v) (5) 
(vi) (c) (vii) (а) (viii) (c) (x) (а) (x) (c) 
(хі) (а) (xii) (a) «ш (6) (км) (р) (xv) © 
(хуі) (b) (хуй) (b (xviii) (o) 


х ‚..‚ 360° : 
25 (1) 24 cm (iii) " (iv) 25 cm 
3. Fill in the Blanks: 
1. circumference li. boundary ii. chord 
iv. centre у. coincide vi. less 
vil. greater viii. опе ix. non-collinear 
х. right xi. contact, centres xii. collinear 
xii. two xiv. perpendicular XV. tangent 
xvi. two xvii. centre xvii. equal 
xix. equal хх. equilateral xxi. concentric 
xxii. incentre xxiii. circumcentre xxiv.  in-radius 


circum-radius 


Addition, adding 


IM пош ш 
ыы: жє ш 
юше E 


E mea саптан 
| Memes [| 
ku [тю Б | 


second or inch 
centimeter 


is congruent to 
шороо Triangles 
greater than or equal to | 
less than ог equal to | 


is perpendicular to 


ОТШ E И. is parallel to 
m imeem fg nones 
© ire 


vert opp. | Vertically opposite по circumference 
Quod Erat Demonstramdum АВ | arc AB 


line segment AB. 


Theta (angle measure) 


TABLE ОЕ LOGARITH 


01/2/34 5/|6/7,89/|123/456 


0000|0043|0086|012810170 
0212|0253|0294|0334|0374 


0414|0453|0492|0531|0569 

0607|0645|0682/0719|0755 
0792|0828|0864|0899|0934 

0969! 1004 1038 1072|1106 
1139|1173|1206|1239|1271 

1303|1335(1367|1399 1430 
1461|1492/1523|1553|1584 

1614|1644|1673|1703|1732 
17611179011818|184711875 

1903| 1931 1959 19872014 
2041 206812095)2122 2148 

2175|2201|2227|2253|2279 
2304|2330|2355|2380|2405 

2430|2455|2480|2504| 2529 


2553|2577|2601|2625|2648 
2672|2695|2718|2742|2765 


2788|2810|2833|2856|2878 
2900|2923|2945|2967|2989 
3010 30323054 3075|3096|3118 |3139 |3160 3181 3201 
3222 3243|3263|3284 3304 33243345 3365 3385 3404 
3424 3444 3464 3483 35021352213541 3560 3579|3598 
3617 3636 3655 3674/369213711|3729 3747 3766|3785 
3802 3820|3838|3856|3874|3892 3909 3927 |3945 3962 
3979|3997|4014|4031|4048|4065|4082 4099 4116/4133 
4150 4166|4183|4200 4216|423214249 4265 4281|4298 
4314 4330) 4346/ 4362 4378 |4393/4409 4425 444014456 
4472 4487|450214518 45334548|456414579 4594 4609 
4624!4639|4654 4669 468314698|4713 4728 474214757 
477114786 480048144829 |4843 4857 |4871 48864900 
4914 |4928 4942149554969 |4983 4997 5011 |5024 5038 
5051 |5065/5079|5092|5105 |5119 5132 5145 5159|5172 
5185 5198/5211 |5224 5237 |5250|5263 5276 (5289/5302 
5315 532853405353 5366537815391 5403 5416/5428 
5441 |5453 5465 5478 549055025514 5527 |5539 5551 
5563 5575/5587 |5599|5611 |5623|5635 5647 |5658 | 5670 
5682 569457055717 |5729 57405752 5763 |5775|5786 
5798 |5809|5821|5832 5843/5855 5866 |5877 |5888 5899 
5911 |5922 15933 |5944 |5955 |5966 |5977 5988 599916010 
6021 160316042 605360646075 6085 6096 6107 6117 
6128 61386149 6160 6170618016191 6201 62126222 
62326243 6253162636274 62846294 6304 63146325 
6335 6345 6355 6365 6375/6385/6395 6405 6415/6425 
6435 6444 6454 6464 6474|6484/6493 6503 6513|6522 
6532 6542 6551|6561|6571(6580 6590 6599 |6609 6618 
6628 |6637 |6646|6656|6665|6675|6684 6693 6702/6712 
6721 6730|6739 6749 6758/6767 6776 6785 679416803 
6812 6821|68301|6839 6848 6857 6866 6875 6884 6893 
6902|6911|6920|6928 6937 |6946 6955 |6964 697216981 
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12 
12 
11 


11 
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17 21 
16 20 
15 19 
15 19 
14 18 
14 17 


13 16 
13 16 


12 15 
12 15 
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26 
24 
23 
22 
21 
20 


20 
19 


19 
17 
16 
17 
17 
16 
15 
15 


15 
15 
14 
14 
13 
12 


1719 
1618 
1517 
15 17 
14 16 


12 14 15 


11 
11 
11 


€» O) O) - ^ - © © © со Co (D ООО 


13 15 
13 14 
12 14 


9 10 


N 7 № 74 со со со 60 CO о 
со со со OO O O O (tO (O O 


7324|7332 


7482|7490 
7559|7566 


7709|7716 
7782|7789 
7853|7860 
7924|7931 


8129/8136 


8261/8267 
8325) 8331 
8388/8395 


8513/8519 
8573/8579 
863318639 


8751/8756 


892118927 
8976 8982 
9031 9036 
9085/9090 
9138/9143 
91919196 


9294/9299 


9590/9595 


9685/9689 
973119736 
9777 |9782 
9823 |9827 
9868 |9872 
9912/9917 
9956 9961 


7007 |7016 7024) 7033) 7042/7050 
7093 |7101 7110) 7118) 7126/7135 
7177|7185| 7193) 7202) 7210) 7218 
7259 |7267 | 7275) 7284) 7292) 7300 
7340 |7348 | 7356) 7364) 7372) 7380 
7419 |7427 | 7435) 7443) 7451) 7459 
7497 |7505 7513) 7520) 7528) 7536 
7574|7582| 7589) 7597) 7604) 7612 
7649 |7657 | 7664) 7672) 7679) 7686 
7723 |7731 | 7738) 7745|7752| 7760 
7796 |7803 | 7810) 7818) 7825) 7832 
7868 |7875| 7882) 7889) 7896] 7903 
7938 |7945 | 7952) 7959) 7966/7973 
8007 |8014 8021} 8028 |8035 8041 
8075 |8082 8089) 8096) 8102/8109 
8142 |8149 8156816218169 |8176 
8209 |8215 82221822818235 8241 
8274 |8280 |8287 |8293 | 829918306 
8338 |8344 83518357 |8363 |8370 
8401 |8407 |8414 84208426 |8432 
8463 |8470 |8476|8482 |8488 8494 
8525 |8531 |8537 |8543|8549 8555 
8585 |8591 | 8597) 8603) 8609/8615 
8645 |8651 | 8657/8663] 8669) 8675 
8704/8710) 8716) 8722) 8727 8733 
8762 8768 |8774|8779|8785 8791 
8820 8825 88318837 |8842 8848 
8876 |8882 8887 8893 | 8899) 8904 
8932 |8938 |8943|8949 |8954 8960 
8987 |8993 |8998 |9004 |9009 |9015 
9042 |9047 |9053 |9058 |9063 |9069 
9096 |9101 |9106|9112|9117 |9122 
9149 |9154 |91599165|9170|9175 
9201 |9206 |9212|9217 |9222 9227 
9253 |9258 |9263 |9269 |9274|9279 
9304 |9309 |9315|9320|9325 9330 
9355 |9360 |9365 |9370 |9375 9380 
9405 |9410 |9415 |9420 |9425 9430 
9455 |9460 9465 9469 |9474 9479 
9504 |9509 |9513 |9518|9523 19528 
9552 |9557 | 9562/9566) 9571/9576 
9600 |9605 |9609 196149619 |9624 
9647 |9652 |9657 | 9661|9666 9671 
9694 |9699 |9603 |9708 |9713 9717 
9741|9745 |9750 975497599763 
9786 |9791 |9795|9800|9805 9809 
9832 |9836 9841198459850 9854 
9877 |9881 |9886 |9890 |9894 9899 
9921|9926 |9930 9934 99399943 
9965 |9969 |9974 |9978 |9983 |9987 
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2.0112 31415 67 8911234567 


1002 |1005 1007 1009 1012 1 


a 
03 
04 


0 |1000 
1023 
1047 
1072 
1096 
1122 
1148 
1175 
1202 
1230 
1259 
1288 
1318 
1349 
1380 
1413 
1445 
1479 
1514 
1549 
1585 
1622 
1660 
1698 
1738 
1778 
1820 
1862 
1905 
1950 
1995 
2042 
2089 
2138 
2188 
2239 
2291 
2344 
2399 
2455 
2512 
2570 
2630 
2692 
2754 
2818 
2884 
2951 
3020 
3090 


TABLE ОЕ ANTILOGARITHM 


1026 1027 | 1030 103. 1035 1038 


1050 1052 | 1054 1057 1059 


1062 


1040 
1064 


1074 |1076 | 1079 1081 1084 1086 1089 
1099 1102 | 1104/1107) 1109 1112 


1125 
1151 

1178 
1205 
1235 
1262 
1291 

1321 
1352 
1384 
1416 
1449 
1483 
1517 
1552 
1589 
1626 
1663 
1702 
1742 
1782 
1824 
1866 
1910 
1954 
2000 
2046 
2094 
2143 
2193 
2244 
2296 
2350 
2404 
2460 
2518 
2576 
2636 
2698 
2761 
2825 
2891 
2958 
3027 
3097 


127 1113011132 | 1135 
153 |1156 [1159 | 1161 
180 |1183 |1186 | 1189 
1208 1211 1213| 1216 
1236 1239 1242 1245 
1265 1269 1271 1274 
1294 1297 1300] 1303 
1324 1327 1330 1334 
1355 1358 1361| 1365 
1387 1390 1393 1396 
1419 1422 1426 1429 
1452 1455 1459 1462 
1486 1489 1493 1496 
1521 1524 1528 1531 
1556 1560 1563 1567 
1592 1596 1600 1603 
1629 1633 1637| 1641 
1667 1671 1675 1679 
1706 1710 1714 1718 
1746 1750 1754 1758 
1786 1791 1795 1799 
1828 1832 1837 1841 


1138 
1164 
1191 

1219 
1247 
1276 
1306 
1337 
1368 
1400 
1432 
1466 
1500 
1535 
1570 
1607 
1644 
1683 
1722 
1762 
1803 
1845 


1871 1875 1879 1884 1888 


1914 1919 1923 1928 
1959 1963 1968 1972 
2004 2009 2014 2018 


1932 
1977 
2023 


2051| 2056 2061 2065 2070 


2099 2104 2109 2113 
2148 2153 2158 2163 
2198 2203 2208 2213 
2249 2254 2259 2265 
2301| 2307| 2312 2317 
2355 2360 2366 2371 
2410 2415 2421| 2427 
2466 2472 2477| 2483 
2523 2529 2535 2541 
2582 2588 2594 2600 
2642 2649 2655 2661 
2704 2710 2716 2723 
2767 2773 2780 2786 
2831 2838 2844 2851 
2897 2904 2911 2917 
2965 2972 2979 2985 
3034 3041| 3048 3055 
3105 3112) 3119|3126 


2118 
2168 
2218 
2270 
2323 
2377 
2432 
2489 
2547 
2606 
2667 
2729 
2793 
2858 
2924 
2992 
3062 
3133 


1114 

1140 

1167 

1194 

1222 
1250 
1279 
1309 
1340 
1371 
1403 
1435 
1469 
1503 
1538 
1574 
1611 

1648 
1687 
1726 
1766 
1807 
1849 
1892 
1936 
1982 
2028 
2075 
2123 
2173 
2223 
2275 
2328 
2382 
2438 
2495 
2553 
2612 
2673 
2735 
2799 
2864 
2931 

2999 
3069 
3141 


6 1019 1021 
1042 1045 
1067| 1069 
1091 1094 
1117 |1119 
1143 | 1146 
1169 | 1172 
1197 | 1199 
1225| 122 
1253 1256 
1282 1285 
1312|1315 
1343 1346 
1374 1377 
1406 1409 
1439 1442 
1472 1476 
1507| 1510 
1542 1545 
1578| 1581 
1614/1618 
1652 1656 
1690 1694 
1730 1734 
1770 1774 
1811/1816 
1854 1858 
1897 1901 
1941) 1945 
1986 1991 
2032 2037 
2080) 2084 
2128/2133 
2178 2183 
2228) 2234| 
2280 2286 
2333 2339 
2388) 2393 
2443 2449 
2500 2506 
2559 2564 
2618) 2624 
2679 2685 
2742] 2748 
2805) 2812 
2871) 2877 
2938) 2944 
3006 3013 
3076 3083 
3148/3155 
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3177|3184|3192|3199| 3206| 3214 3221 3228 
3251|3258|3266|3273|3281/3289 3296 3304 
3311/3319/3327|3334/3342|3350 |3357 |3365 3373 13381 
3388 |3396 3404 3412|3420|3428 3436 3443 34518459 

3467 |3475 3483 3491|3499|3508 3516 3524 353213540 
3565 3573|3581|3589|3597 3606 36143622 
3631/3639) 3648) 3656 3664/3673) 3681 |3690 3698 3707 
3715/3724 373313741! 3750] 3758 |3767 |3776 3784 3793 
3802 |3811 |3819 |3828 |3837 |3846 3855 38643873 3882 
38903899 3908 | 391739263936 3945 3954 3963 3972 
3981 3990 399940094018 |4027 | 4036/4046) 4055/4064 
4093) 4102/4111 4121 |4130 |4140 4150 4159 
4188 |4198 |4207 |4217 | 4227| 4236| 4246| 4256 
4285|42954305|4315|4325|4335 4345 4355 
4385|4395 440614416|4426 4436 4446 4457 
4487 |4498 4508|4519|4529|4539 4550 4560 
4571|4581|4592|4603|4613 |4624 46344645 4656 4667 
4677 |4688 4699 4710|4721|4732 4742 4753|4764 4775 
4786|4797|4808|4819 4831/4842) 48534864 4875 
4920|4932|4943|4955| 4966) 4977/4989 
5012 |5023 5035) 5047) 5058/5070) 5082/5093) 5105 
5129|5140|5152| 5164) 5176/5188) 5200|5212|5224 
5248 |5260 5272 |5284 5297/5309} 5321/5333) 5346 
5470 
5521 | 5534|5546|5559| 557215585 5598 
5649| 5662|5675|5689| 5702|5715|5728 
5781 |5794|5808 |5821 | 5834|5848 5861 
5888 |5902 5916|5929|5943 5957 | 5970| 5984 5998 
6026|6039|6053| 6067|6081|6095|6109|6124|6138 
6166 |6180 6194 620962236237 |6252|6266 6281 
6310 |6324 6339|6353|6368 6383 639764126427 10 1213 
6486] 6501 |6516 6531|6546|6561 6577 11 1214 
6607 |6622 6637 |6653|6668 6683 66996714 6730 11 1214 
6761|6776 6792 |6808|6823|6839 68556871 6887 11 1314 
6918 |6934 6950 | 6966 698216998 7015) 7031) 7047 11 1315 
7079 |7096 7112 [7129171457161 |7178 [719417211 12 1315 
7278|7295|7311 |7328 |7345 |7362 7379 12 1315 
7447 |7464|7482 |7499 |7516|7534 7551 12 1416 
7586 |7603 7621| 7638) 7656) 7674) 7691|7709) 7727 121416 
7762 |7780 7798|7816| 7834) 7852) 7870) 7889) 7907 131416 
7980 7998) 8017/8035) 8054) 8072/8091 13 1517 
8128181478166] 8185) 8204/8222! 824118260 8279 13 1517 
8318 |8337 8356|8375(8395 8414 8433/8453) 8472 14 1517 
8511|8531 8551|85701859018610 8630 8650 8670 14 1618 
8710|8730|8750|8770|8790|8810|8831|8851|8872 141618 
8913|8933|8954| 8974 8995|9016|9036|9057|9078 151719 
9120|9141|9162|9183|9204|9226|9247|9268|9290 151719 
9376|9397|9419|9441 | 9462|9484|9506 151720 
9550 |9572 |9594|9616|9638 |9661 |9683|9705 9727 16 1820 
9772 |9795 9817 |9840|9863 |9886 9908993119954 16 1820 


Quadratic 
equation: 


Second degree 
equation 


| General or 
standard form 


Reciprocal 
equation: 


Exponential 
equations: 


Discriminant: 


Cube roots: 


| Complex cube 
roots: 


Properties of 
cube roots of 
unity 


| Roots of the 
| quadratic 
equation: 


Radical equation: 


GLOSSARY 
onis 


An equation which contains the square of the unknown (variable) 
quantity, but no higher power, is called a quadratic equation or an 
equation of the second degree. 


A second degree equation in one variable x, is ax? + bx +c = 0, 

а * 0 and a, b, c are constants is called the general or standard form of 
a quadratic equation. Where a is the co-efficient of x2, b is the 
co-efficient of x and constant term is c. 


An equation is said to be a reciprocal equation, if it remains 


1 
unchanged, when х is replaced by x 


In exponential equations variable occurs in exponent. 


An equation involving expression under the radical sign is called a 


radical equation. 


The expression “b? — 4ac" of the quadratic expression ax? + bx + c is 
called Discriminant. 


The cube roots of unity аге 1, œ and o». 


Complex cube roots of unity are œ and o». 


(a) The product of three cube roots of unity is one. ie., 
(1) (9) (02) = @ = 1 


(b) Each of the complex cube roots of unity is reciprocal of the 
other. 

(c) Each of the complex cube roots of unity is the square of the 
other. 

(d) The sum of all the cube roots of unity is zero, i.e., 


1%0%0%-0 
The roots of the quadratic equation ax? + bx +c 2 0, аж0 аге 


EN 2223 P ҮЛЕН 
ь +02 дас "T Ap? = дас 


2a 2a 


Sum and the 
product: 


Symmetric 
functions: 


Formation of a 
quadratic 
equation as: 


Synthetic 
division: 


Simultaneous 
equations: 


Ratio: 


Proportion: 


Direct variation: 


Inverse variation 


Theorem on 
proportions: 


The sum and the product of the roots of a quadratic equation 


a+ Ba and адв = - 


Symmetric functions of the roots of a quadratic equation are those 
functions in which all the roots involved are alike, so that the value of 
the expression remains unaltered, when roots are interchanged. 


x? — (sum of the roots) x + product of the roots = 0 


= 02 - (а+ В) х+ аВ= 0 


Synthetic division is the process of finding the quotient and remainder, 
when a polynomial is divided by a linear polynomial. 


A system of equations f (x, y) = 0 and g (x, y) = 0 having a common 
solution is called a system of simultaneous equations. 


A relation between two quantities of the same kind is called ratio. 


A proportion is a statement, which is expressed as equivalence of two 
ratios. 


If two ratios а : b and c : d are equal, then we can write a: b = с: d 
AL ^ 


If two quantities are related in such a way that when one changes in any 
ratio so does the other is called direct variation. 


If two quantities are related in such a way that when one quantity 
increases, the other decreases is called inverse variation. 


(1) Theorem of Invertendo 

Ifa: b=c:dthenb:a=d:c 
(2) Theorem of Alternando 

Ifa: b=c:d,thena:c=b:d 
(3) Theorem of Componendo 

If а: Б=с: d, then 

(1) atb:b-cctd:d 

(ii) a:at+b=c:ct+d 
(4) Theorem of Dividendo 

If a:b=c: а, then 


| K-Method: 


| Fraction: 


Equation: 
| Identity: 


| Rational 
| fractional: 


| fraction: 
| 


| Improper 
| fraction: 


| Joint variation: 


| 
| Proper rational 


| Partial fractions: 


(i) a-b:b=c-d:d 


(ii) a:a-b=c:c-d 


(5) Theorem of Componendo-dividendo 
If a:b=c: 4d, then 
a+b:a-b=c+d:c-d 


A combination of direct and inverse variations of one or more than one 
variables forms joint variation. 


a C 
If — 73 
Then к-4-< =kb and с= kd 
en рта ОГ а= and c= 
If ГЕР БІ. then a-bk,c - dkand e = fk 


A fraction is an indicated quotient of two numbers or algebraic 
expressions. 


An equation 18 equality between two expressions. 
An identity is an equation which is satisfied by all the values of the 
variables involved. 

| N(x) : 
An expression of the form D(x) , where N(x) and D(x) are polynomials 


in x with real coefficient, is called a rational fractional. Every 
fractional expression can be expressed as a quotient of two 
polynomials. 

| . M | : А 
A rational fraction a , with D(x) # 0 is called a proper rational 
fraction if degree of the polynomial N(x), in the numerator is less than 
the degree of the polynomial D(x), in the denominator. 
A rational fraction Do , with D(x) + 0 is called an improper fraction if 
degree of the polynomial N(x) in the numerator is greater or equal to the 


degree of the polynomial D(x) in the denominator. 


2. . Nx 
Decomposition of resultant fraction | , when 


Set 


Union of sets 


Intersection of 
sets 


Difference of sets: 


Compliment: 


Closed figures: 


Specific order: 


Ordered pairs: 


Binary Relation: 


Function: 


First elements & 


second elements: 


Into function 


(a) 


denominator D(x) consists of non-repeated linear factors. 


(b) denominator D(x) consists of repeated linear factors. 

(c) denominator D(x) contains non-repeated irreducible quadratic 
factor. 

(d) denominator D(x) has repeated quadratic factor. 


A set is the well defined collection of distinct objects with some 
common properties. 


Union of two sets А and B denoted by A U B is the set containing 
elements which either belong to A or to B or to both. 


Intersection of two sets A and B denoted by A A B is the set of common 
elements of both A and B. In symbols А A B= (x: V xe Aandxe В}. 


The set difference of B and A denoted by B — A is the set of all those 
elements of B but do not belonging to A. 


Complement of a set А w.r.t. universal set U is denoted by A^ = А” 
= U — A contains all those elements of U which do not belong to A. 


British mathematician John Venn (1834 — 1923) introduced rectangle 
for a universal set U and its subsets A and B as closed figures inside this 
rectangle. 


An ordered pair of elements is written according to a specific order for 
which the order of elements is strictly maintained. 


Cartesian product of two non empty sets A and B denoted by Ax B 
consists of all ordered pairs (x, y) such that V хє A and V ye B. 


Suppose A and В are two non empty sets then relation f : А > B is 
called a function if (1) Dom f= set A (ii) every x е A appears in one and 
only ordered pair € f. 


Suppose A and B are two non empty sets then relation f : A > B is 
called a function if (i) Dom f= set A (ii) V x e A we can associate some 
unique image element у = f(x) є B. 


Dom f is the set consisting of all first elements of each ordered pair е f 
and range fis the set consisting of all second elements of each ordered 
pair е f. 

A function f: А B 18 called an into function if at least one element in 
В is not an image of some element of set A i.e., Range of f с set В. 


Onto function A function f : A B is called an onto function if every element of set B 


is an image of at least one element of set А i.e., Range of f = set B. 


One-one A function f: А B is called one-one function if all distinct elements 
function: of A have distinct images in B 


Bijective A rule f: А B is called bijective function iff function fis one-one and 
function: onto. 


Constant A function f : А B is called a constant function if V хе A. There is 
function: an element C е B such that f (x) = C. 


Identity function: А function f : А — A is called Identity function if V хе A we can 
associate some unique image element x itself such that 


Хо) = х Vxe A. 


Frequency A frequency distribution is a tabular arrangement classifying data into 
distribution: different groups. 


Class limits (a) The minimum and the maximum values defined for a class or 
group are called class limits. 


(b) The real class limits of a class is called class boundary. It is 
obtained by adding two successive class limits and dividing the 
sum by 2. 

(c) For a given class the average of that class obtained by dividing 


the sum of upper and lower class limit by 2, is called the 
midpoint or class mark of that class. 


(d) The total of frequency up to an upper class limit or boundary is 
called the cumulative frequency. 


Histogram A Histogram is a graph of adjacent rectangles constructed on XY-plane. 


Arithmetic mean Arithmetic mean is a measure that determines a value of the variable 
under study by dividing the sum of all values of the variable by their 
number. 


Deviation A Deviation is defined as 'a difference of any value of the variable 
from any constant’. D; = x; – A. 


Geometric mean Geometric mean of a variable X is the п" positive root of the product of 
the X, Жанне ‚х, Observations. In symbols we write, 


Harmonic mean 


Mode: 


Median: 


Dispersion: 


Range: 


Variance: 


Standard 
deviation: 


Degree: 


Radian: 


G.M = (xx, X,...... 2 


Harmonic mean refers to the value obtained by reciprocating the mean 
of the reciprocal of Хү, x, , Х;,......... , х, observations. 


Mode is defined as the most frequent occurring observation of the 
variable or data. 


Моке = у 
21, 507 =h 


Median is the measure which determines the middlemost observation in 


a data set. Median = L+ А Lm с 
12 


Statistically, Dispersion means the spread ог scatterness of observations in 
a data set. 


Range measures the extent of variation between two extreme 
observations of a data set. It is given by the formula: 


Range = X nax — Xmin = Х,- Xo 


Variance is defined as the mean of the squared deviations of x; 
(i = 1,2, ....., n) observations from their arithmetic mean. In symbols, 


ü 2 


2/5) Ygexy 


Variance of X = Var (X) = 52 2 - 
n 


n 


Standard deviation 18 defined as the positive square root of mean of the 
squared deviations of X, (i = 1, 2, ...., п) observations from their 
arithmetic mean. In symbols we write, 


Standard Deviation of X = S.D (X) = 


If we divide the circumference of a circle into 360 equal arcs. Then the 
angle subtended at the centre of the circle by one arc is called one 


degree and is denoted by 1°. 


The angle subtended at the centre of the circle by an arc, whose length 
is equal to the radius of the circle, is called one radian. 


Relationship 
between radian 
and degree 
measure: 


and radius: 


sector: 


Coterminal 
angle: 


Quadrantal 
angle: 


Standard 
position: 


Trigonometric 
ratios: 


Trigonometric 
Identities: 


Projection: 


Zero dimension: 


Obtuse angle: 
Right angle 


Acute: 


Relation between 
angle, arc length 


Area of a circular 


РЕТ ЭР? Р | 180p _ 
1 = 180 radian ‚ = 0.0175 radian and 1 radian = pL 57.295 


degrees. 


Relation between central angle and arc length of a circle: |l=r0 


1 
Area of acircular sector, A= 2 г20 
Two ог more than two angles with the same initial and terminal sides 
are called coterminal angles. 


An angle is called a quadrantal angle, if its terminal side lies on the x- 
axis Or y-axis. 


A general angle is said to be in standard position if its vertex is at the 
origin and its initial side is directed along the positive direction of the x- 
axis of a rectangular coordinate system. 


There are six fundamental trigonometric ratios (functions) called sine, 
cosine, tangent, cotangent, secant and cosecant. 


соѕ20+ $120 = 1 


(b) ѕес20 -1ап20 = 1 


Trigonometric Identities(a) 


(c) cosec20 -cot?8 = 1 


The projection of a given point on a line is the foot of L drawn from the 
point on that line. However the projection of given point P on a line AB 
is the point P itself. 


The projection of a finite line on an other line is the portion of the latter 
intercepted between the projection of ends of the given finite line. 
However projection of a vertical line on an other line is the join of these 
two intersecting lines which is of zero dimension. 


An angle which is greater than 90? is called obtuse angle. 
An angle which is equal to 90? is called right angle. 


An angle which is less than 90? is called acute angle. 


Сігсіе: A circle is the locus of a moving point P in a plane which is equidistant 


from some fixed point N. The fixed paint N not lying on the circle is 
called the centre and the constant distance PN 18 called its radius. 


Circumference: 2tr is the circumference of a circle with radius и. 
Circular area: T? is the circular area of a circle of radius ғ. 


Collinear points: The points lying on the same line are collinear points otherwise they 
are non-collinear points. 


Circumcirlce: The circle passing through the vertices of a triangle is called its 
circumcirlce where L bisectors of sides of the triangle provides the 


centre. 


Secant: A secant is a st line which cuts the circumference of a circle in two 
distinct points. 


Tangent: A tangent to a circle is the St line which meets the circumference at one 
point only and being produced does not cut it at all. The point of 
tangency is also known as the point of contact. AB is the tangent line to 
the circle C. 


Length of a The length of a tangent to a circle is measured from the given point to 
tangent: the point of contact. 

Unit 12 
Sector: The sector of a circle is an area bounded by any two radii and the arc 


intercepted between them. 
Central angle: A central angle is subtended by two radii at the centre of the circle. 


Circumangle: A circumangle is subtended between any two chords of a circle, having 
common point on its circumference. 


Chord: The join of any two points on the circumference of the circle is called 
its chord. 

Cyclic A quadrilateral is called cyclic when a circle can be drawn through its 

quadrilateral: four vertices. 


In-centre: In-centre of a triangle is the centre of a circle inscribed in a triangle. 


Сігсіе: 


Radius: 


Perimeter: 


circumference 


Diameter: 


Arc: 


Triangle: 


Polygon: 


Vertices: 


Locus: 


Circumscribed 
circle: 


Escribed circle: 


Circum circle: 


In circle: 


Regular polygon: 


A "circle" is locus of a moving point in a plane which is equidistant 
from a fixed point. The fixed point is called "centre" of the circle. 


The distance from the centre of the circle to any point on the circle is 
called radius of the circle. 


The perimeter of a closed geometric figure is the sum of its sides. 


The perimeter or length of the boundary of the circle is called the 
circumference. 


A chord which passes through the centre of the circle is called diameter 
of the circle. 


A part of circumference of a circle is called an arc. 


A plane figure formed by three straight edges as its sides is called a 
triangle. 


A plane figure with three or more straight edges as its sides is called a 
polygon. 


A figure bounded by equal straight lines which has all its angles equal 
is called a regular polygon. 
The corners of a polygon are called its vertices. 


The path of an object moving according to some rule, is the locus of the 
object. 


If a circle passes through all the vertices of a polygon the circle is said 
to be circumscribed about the polygon and the polygon is said to be 
inscribed in the circle. 


If a circle touches one side of a triangle externally and the other two 
produced sides internally, is called escribed circle. 


The circle passing through the vertices of triangle ABC is known as 
circum circle, its radius as circum radius and centre as circum centre. 


A circle which touches the three sides of a triangle internally is known 
as in-circle its radius as in-radius and centre as in-centre. 


А 
Alternando 

Angle of depression 
Angle of elevation 


Angle in standard position 


Antecedent 
Appolonius theorem 
Appropriate problems 
Arc 


Area of a circular sector 


Arithmetic mean 
Associative property 


B 
Basic Statistics 
Bijective Function 
Binary relation 
Biquadratic 

C 
Cartesian product 


Central angle 
Central tendency 
Central value 

Chord 

Circle 
Circum-centre 
Circumcirlce 
Circumference 
Circumscribed circle 
Class boundaries 
Class limits 
Co-domain 
Co-efficients 
Common tangent 
Commutative property 
Complement of set 


58 
166 
166 
154 

50 
175 

24 
180 
151 
118 

89 


107 
101 
99 
38 


98 
206 
118 
118 
180 
180 
224 
180 
180 
224 
110 
110 

99 

2,30,79 
232 

88 

87 


Completing square 
Complex cube roots 
Componendo 


Componendo-dividendo 


Concentrric circles 
Convergent lines 
Congruent 
Congruent circles 
Consequent 
Continued proportion 
Correspondence 
Corresponding arcs 
Coterminal angles 
Cube roots of unity 
Cubic equation 
Cumulative frequency 
D 
Data 
De Morgan's laws 
Degree 
Denominator 
Depressed equation 
Diameter 
Difference of sets 
Direct method 
Direct variation 
Discriminant 
Dispersion 
Distributive property 
Dividend 
Dividendo 
Domain 


E-centre 
E-circle 


37 
110,115 


108 
90 
146 
75 
37 
183 
86 
118 
53 
19 
136 
89 
36 
60 
99 


226 
226 


Equidistant 
Equilateral triangle 
Equal circles 
E-radii 
Escribed circle 
Exponential equations 
Externally 
Extraneous roots 
Extremes 

F 
Factorization 
Formation of quadratic equation 
Fourth proportional 
Fraction 
Frequency distribution 
Frequency polygon 
Function 


G 
General angle 
Geometric mean 
Grouped data 

H 
Harmonic mean 
Hexagon 
Histograms 

I 


Identity 
Imaginary 
Improper fraction 
Indirect methods 
In-centre 

Initial side 
Injective function 
Inscribed circle 
Internally 
Intersecting circles 
Intersection of sets 


119 
225 
146 
101 
215 
196 
234 


Inverse variation 
Invertendo 
Irrational 

УК, Г. 
Joint variation 
K-method 
Linear equation 
Linear factors 


Minor sector 
Major segment 
Mapping 
Mean proportion 
Mean 
Median 
Midpoint 
Minor arc 
Major arc 
Minor segment 
Mode 

N 
Nature of the roots 
Non collinear points 
Non-repeated 


О 
Obtuse 
Ordered pairs 
Order 

P 


Partial fractions 
Perfect square 
Perpendicular bisectors 
Polygon 

Polynomial 

Product of the roots 
Projection 
Proper fraction 


172 
39,98 


74,76 
19,20 
183 


116,222 


35 


26,28 


176 
75 


Proportion 

Pure quadratic 

Pythagorean theorem 
Q 

Quadrantal angle 

Quadrants 

Quadratic expression 

Quadratic equations 

Quadratic formula 

Quadrilateral 

Quartiles 

Quotient 


Radial segment 
Radian 

Radical equation 
Radius 

Range 

Ratio 

Rational fraction 
Reciprocal equations 
Reciprocal identities 
Reducible 
Remainder 
Resultant fraction 
Right bisectors 
Roots 


Secant 
Second degree 

Sector of a circle 
Semi-circle 

Sets 

Sexagesimal 
Simultaneous equations 
Solution 


Properties of cube roots of unity 


180 
99,147 
50 

75 


150,180 
214 
86,89 
146 

39 

2 


Square roots 
Standard deviation 
Standard form 
Standard position 
Sum of the roots 
Supplementary 
Surjective function 
Symmetric functions 
Synthetic division 
System of equations 
T 
Tally marks 
Tangent 
Tangent to a circle 
Terminal side 
Third proportional 
Touching circles 
Transverse 
Trigonometric identities 
Trigonometric ratios 
U 
Unequal circles 
Ungrouped data 
Union of sets 
Units 


Variable 

Variance 

Variations 

Venn diagrams 
Zeros of polynomial 


108 

220 
190,229 
146 

57 

234 

233 

163 

153 
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